WAVE PROPAGATION 
OVER NON-UNIFORM ELECTRICAL CONDUCTORS* 
M. I. PUPIN 
Introduction 


The main object of the mathematical theory developed in this paper is the an- 
alysis of the propagation of electrical waves over a conductor represented in Fig. 
3, $ III, below. This conductor consists of a loop of wire L,---Z,., of length 
2/ in which there are, at equidistant points, the so-called reactance points, a cer- 
tain number of equal coils interposed dividing the loop into a number of equal 
parts, called the interstices of the loop. These coils may have condensers in 
series with them or they may have secondary cireuits with condensers. The 
propagation of electrical waves over a periodically loaded loop of this kind is 
compared with that over a uniform loop having the same total inductance, resist- 
ance, and capacity. This uniform loop is called the corresponding uniform con- 
ductor of the periodically loaded loop. 

A similar problem in mechanies is that of the forced and free vibrations of a 
periodically loaded heavy, flexible, inextensible string of finite length taking 
frictional resistances into account. To my knowledge, neither the electrical 
problem nor its corresponding mechanical problem has been investigated be- 
fore. 

It will be observed in the course of this paper that a study of the propagation 
of electrical waves over a periodically loaded conductor of this kind suggests 
forcibly an electromagnetic theory of emission and absorption of light by molecu- 
lar complexes, which on account of the physical conception underlying it, if for 
no other reason, possesses many attractive features. In this theory the ether 
and the material ions imbedded in it correspond to the uniform wire and the re- 
actance points considered in this paper. These matters, however, are of a more 
or less speculative character and have, therefore, no place here. But it should 
be noted that the physical problem discussed here was first suggested by specu- 
lations of this kind. It can be stated as follows: Under what conditions will 
the non-uniform conductor represented in Fig. 3 be approximately equivalent to 
its corresponding uniform conductor? Or, to be more precise: For what fre- 
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quency will an electrical wave have approximately the same wave-length and the 
same damping or attenuation constant on one conductor as on the other? 

The mathematical theory developed here gives a definite answer to this ques- 
tion. This answer can be stated in a few words and for that purpose it is de- 
sirable to introduce here a new technical term, the so-called angular distance of 
the interstices, that is, of the interval between consecutive reactance points. 
This interval is at any given frequency a definite fraction of the wave-length cor- 
responding to that frequency. Let this fraction be ¢/27 ; then ¢ is the angular 
distances of the interstices. The angular distance of a wave-length is, of course, 
2x. The general rule expressing the conditions of equivalence of a non-uniform 
conductor to its corresponding uniform conductor can now be expressed as fol- 
lows: For any given frequency a non-uniform conductor of the second type is 
equivalent to its corresponding uniform conductor as nearly as sin $/2 is to p,2. 

The higher the frequency the less resemblance will there be between a given 
non-uniform conductor and its corresponding uniform conductor. Conversely, 
if this resemblance is sufficiently close for a given frequency it will be closer for 
all lower frequencies. When the half wave-length under consideration becomes 
smaller than the interstices, then the resemblance, as far as that wave-length and 
all shorter wave-lengths are concerned, ceases altogether. 

A brief summary of this paper will now be given. 

The main object of this research is the solution of the problem of § III. 
This solution depends on the solution of the problem of § II, and this again is 
moulded after the pattern of the solution of the problem of § I. 

In $I the wave propagation over a uniform wire conductor represented in 
Fig. 1 is discussed. The effect of the transmitting apparatus A and of the re- 
ceiving apparatus 2 is taken into account. Equation (5) is the most general 
solution of this case. The propagation of waves of both foreed and free periods 
is easily deduced from it. This particular form of the general solution is new 
and it was selected because it is best suited for comparing the propagation of 
waves over the non-uniform conductors of §§ II and III with that over their cor- 
responding uniform conductors. : 

In § II the wave propagation over a non-uniform conductor of the first type 
represented in Fig. 2 is diseussed. This conductor consists of a certain num- 
ber of equal coils Z,, ---, Z, which are connected in series. A certain number 
of equal condensers, one at each juncture between two consecutive coils, connect 
this conductor to ground. A transmitting apparatus A and a receiving appa- 
atus B are present. The general solution of this problem, equation (62), is 
moulded after the pattern of equation (5) of § I. Both forced and free oscilla- 
tions on a conductor of this kind are considered, and the conditions under which 
it becomes equivalent to its corresponding uniform conductor are worked out at 


considerable length. The problem of this section and its solution are both new. 


j 
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The problem of § III can, from a purely mathematical point of view, be stated 
as follows: Find the integral of the following partial differential equation : 


d*y dy 1 &y 


and determine it in such a way as to satisfy k + 2 boundary conditions. Deter- 
mine also the conditions under which this integral will be equivalent to the 
integral represented in equation (5), § I. 

Equation (2) represents the most general solution, and the constants 
@,,, have to be determined from the + 2 boundary conditions. 
The principal mathematical difficulty here reduces itself then to the proper math- 
ematical formulation of these boundary conditions so as to obtain a system of 
equations which can be readily solved. Such a system is system (3) of this sec- 
tion. It is of the same form as system (6) of § II, the solution of which was ob- 
tained in that section. Equations (4) and (5) are thus obtained. Equation (5) 
is the most general solution, and when this equation becomes very nearly the 
same as equation (5) of $I then the non-uniform conductor of this section be- 
comes equivalent to its corresponding uniform conductor. This equivalence 
cannot be decided without a careful study of the wave-lengths and of the damping 
constants of waves of different periods. This study is recorded in the remain- 
ing portion of this section. This section is also entirely new. 

The work given in $I and a portion of that given in § II, together with a 
description of experimental investigations bearing upon the same, were published 
in vol. XVI of the Transactions of the American Institute of 
Electrical Engineers for 1899. Additional experimental investigations 
bearing upon the principal problem, that is the problem of § III, will be pub- 
lished in the near future. 


$I. Wave PROPAGATION ALONG A UNIFORM LINEAR CONDUCTOR. 
A. Waves of forced period. 


The conductor is a loop of wire AB (Fig. 1). At one point of the loop is a 
transmitting apparatus A, at the opposite point is a receiving apparatus 2. 
The distance between A and B is /, equal to one-half the length of the whole 
loop. The distance of any element ds from A is s. 


| 
L 
| 
i 
| 
| 
| 
1 
| 
i 
| | 
A 
Fic. 1 
— 


962 M. I. PUPIN: WAVE PROPAGATION [July 


Let LZ, R, and C, denote the inductance, resistance, and capacity, respectively, 
per unit length. Let y be the current at any point s. Then 


d*y dy 1 


(1) L dt? + ft dt ~ Cds? 


is the well known equation of propagation. 

To formulate the two boundary conditions, one at the receiving and the 
other at the transmitting apparatus, let L,, 2,, C,, and Z,, &,, C,, re 
spectively be the inductance, resistance, capacity, of the transmitting and of the 
receiving apparatus. Each contains a condenser in series with its inductance 
and resistance. Let the e. m. f. impressed by A be of type Ke’. The boun- 


dary equations can now be expressed as follows : 


oy 
—2 ( ) = (D, — at transmitting apparatus , 
cs 
(2) ig 
Cy 
+2 ¢ ) = — (Ay)._, _ at receiving apparatus , 
where 


D, = ip C, Ee’? ‘ 


h, = —pr, + ipR,) h,= —pr, + ipR,) 


1 1 


The physical character of the problem suggests the following solution : 
(3) y = K, cos + sin 
where &=/—s, and A, and 4K, are proportional to 


Equation (1) is satisfied for all values of A, and K, if 


O— p?L + iph) =—p=—(at+ iB), 
From this we get 
a= +i? +pLl}, 
(4) 


B= pL? R* — pL} ‘ 


When pZ is large in comparison with ?, 


a=pVLC, pad 


* Observe that in the case of a twin conductor where the mutual capacity is large in compar- 
ison with the capacity of each conductor to earth we must use 2R and 2L in place of # and L. 
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The boundary equations will be satisfied if 


2uD 


h,D 


2 F 9 
where 
F = (hh, — 4p") sin pl + 2u(h, + h,) cos wl. 


Hence (3) can now be written : 


(5) y = (2p cos wé + h, sin HE) . 
When h, = h, = 0 9 
D, cos pé 


(oa) y= — 


Equation (5) is a complete solution for the propagation of waves of forced 
period. It represents simple harmonic damped waves. The most essential ele- 
ments which enter into the description of such waves are the wave-length and 
the damping or attenuation factor. These can easily be calculated. Since 
w=a+if, we shall have \ = 27/a; the attenuation factor is e~**. 

It is evident that 8 diminishes as Z increases. A high reactance per unit 
length means small attenuation and a slow speed of propagation. 


B. Waves with a natural period. 


Free oscillations are readily caleulated for a few special cases. Equation (5) 
is a general solution for free oscillations also, provided, however, that » has 
such a value as to make /”’ = 0, since D, = 0; that is, we must have 


(6) (Ah, — sin wl + + h,) cos pl = 0; 
but, of course, in this case, 
h,=kO(ka, + B,), h,=kC(kr, + &), —wW=kC(kL + 


Equation (6) is a transcendental equation and can be readily solved in a few 


simple cases. 
Case 1.—The transmitting and receiving apparatus are not present. 
t=) 


In this case h, = h, = 9. Equation (6) reduces to 


sin pl = 0. 
Therefore 
w= 


where s can have any integral value from 1 to o@. The periods of free oscil- 


lation are calculated from the equation : 
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Therefore 


R 1 sr 


There is, therefore, an infinite number of periods which are harmonically 
related to each other unless the damping constant #2Z is not negligibly small 
in comparison with 77/?LC. 

The most general solution of this case can be written : 


(7) y=e “DA, cos ( cos (kt — ,). 
s=1 


The wave-lengths are 2/1, 27/2, 273, ---, 2/’s, ---. 


Case 2.—The transmitting apparatus is not present and in place of the re- 
ceiving apparatus there is a break in the wire. 
In this case h, = 9, h, =o. Equation (6) reduces to 


cos pl = 0. 
Therefore 
9” 
R (2s+17\? 


2s+1 
(8) y=e sin ( ) 08 (hs 


The wave-lengths are 4/1, 473, 4/5, ---. 

The damping factor is in both cases the same for all frequencies; hence the 
color of the complex harmonic vibration remains unchanged during the whole 
epoch while the vibrations last. 


$ II. ExecrricaL OscILLATIONS ON A NON-UNIFORM CONDUCTOR OF 
THE FIRST TYPE. 
The conductor consists of 2n equal coils, L,, L,, ---, L, (Fig. 2) connected in 
series so as to form aclosed loop. At one point A of this loop is an alternator, at 
the opposite point is a receiving apparatus B. Atequal distances 2(n — 1) equal 


condensers, C,, ---, C_,, connect the conductor to ground. The whole loop 
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is thus divided into 2n — 2 component cireuits,1,2,---,2n—2. It is evident 
that in the limit when x becomes infinitely large, this conductor becomes an or- 
dinary telegraph or telephone line with uniformly distributed resistance, capacity, 
and inductance. The question now arises: Under what conditions will a con- 
ductor of this kind become equivalent, with sufficient approximation, to a uni- 
form line, even when n is-not infinitely large? This problem does not seem to 
have been solved before. In its main features it is similar to that which 
LAGRANGE solved in his Mécanique Analytique, pt. II, see. VI, the prob- 
lem, namely, of the free vibrations of a weightless string, fixed at its two 


Fic. 2 


ends, and loaded at equidistant points by equal weights. But it is much more 
general because frictional resistances are taken into consideration, and also be- 
cause forced as well as free oscillations are considered. 

Let and L,, and C, and C, be the inductance, ohmic resistance, 
capacity of A and B, respectively. Let Z, 2, C be the corresponding quan- 
tities of the coils and condensers in the several component circuits. 

The real part of Ke’ is the e. m. f. impressed by alternator A . 

Let 
differences of potential in the line condensers, C,, C,,---, C,_ 


-, «, be the currents in the component circuits; P,,---, P_, the 
,3 P, and P’ 
the differences of potential in the condensers in A and / respectively ; and 
the condenser currents. 
We shall have 
> > 
(1) dt dt 


A. Forced oscillations. 


Stating the law of equality of action and reaction for each component circuit, 
we obtain the following n differential equations : 


G G G G | 
| all cell). ell cull) om 
Dy Ly Loa L, B 
G G G G 


266 M. I. PUPIN: WAVE PROPAGATION [July 


Ty 
(L, +21) P, = Fe”, 
dt 1 0 
4 Rr, + P,—P,=0 
dt + fir, 
(2) 
dy Pex P P 0 
du 
(L,+2L) (2, +2 =0. 


When the steady state has been reached, the currents will be, just like the 


impressed e. m. f., simple harmonies of the time ¢, that is, 


where A,, A,, --- are complex quantities. 
Differentiating each member of (2) and substituting from (3) and (1) we 


obtain : 


~ 


he. + 


he, + = 0, 


lhe, +0 ,=—hy,, 


where 
h= C( — pL iph) h, = —pr, + 


(5 D= ipChe“ C( — pr, + dD, 


1 1 
Po 


A= L, — y 
pe, 


Another form is obtained by substituting for &, &,, --- as follows: 


(h + 1) x, —vr,= D= dD, hw, 


| 
(4 
| 
(6 
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Equation (3) of § I suggests the following solution : 
(6a) v,, = K, cos 2(n — m) 0 + Ky sin 2(n — m)é. 


If 1 + 2 = 2 cos 20, then all the equations except the first and the last will 
be satisfied for all values of A and A,. These two equations, which corres- 
pond to the boundary equations of § 1, will be also satisfied if we assign to A, 
and A’, suitable values, as follows : 


k (hk, — 1) + cos 20 
sin 20 
D, sin 20 — 
~ Ay sin 2( n— ~1)0 — 4 sin’ sin + 2(h, + h,) sin @ cos (2n — 1)0 


We can now write 


2 sin @ cos (2n — 2m + 1)0 + h, sin 2(n — m)O]D, 
m hh, sin 2(n — 1)0 — 4 sin® sin 2n8 + +h,) sin cos (2n — 1)0 


(1) 


As @ is a complex angle, the forced oscillations of type e’” on a non-uniform 
conductor of this kind are simple harmonic damped oscillations. The similarity 
between this conductor and a uniform wire will be discussed presently. 

When = = 0 we obtain 


D,, cos (2n — 2m + 1)0 
2 sin @ sin 2n0 


B. Free oscillations. 
Equation (7) holds for free as well as for forced oscillations. But since 
D, = 0 in the ease of free oscillations, it follows that the denominator of (7) 
must vanish to prevent the vanishing of all currents. We shall therefore have 


(8) A, sin (2n — 2)0 — 4 sin’ @ sin 2n8 + 2(h, + h,) sin @ cos(2n —1)0 = 0. 


From this equation, @ and the corresponding periods and damping constants 
have to be determined. A solution can be readily obtained for a small number 
of cases; the two most important will be considered here. 

First case. The transmitting and the receiving apparatus are not present. 
In this case h, = h, = 0, and 


(9) = Beos (2n —2m 4+ 1)0. 


It is found from (8) that (9) is actually the solution of the differentiai equa- 
tions (6) for h, = 1, = D,= 9, provided that 
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| 
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where s is any integer from 1 to 2n. 
lence the most general solution will be : 


(10) x, = >> B, cos (2n — 2m + 1) 


But it should be observed now that x, is a periodic function of the time, that is, 
Ker 


The constant p,, which measures the period and the damping constant of the 
free oscillation, is determined from the relation : 


h = — 4sin’@. 


In the case of free oscillations, 


h =pLC+pRC, ’ 
Hence 
(11) piLC + = —4sin® 


Before solving this equation, it is desirable to make the following substitu- 
tions :— 
Let LZ’, C’, and FR’ be the total inductance, capacity, and resistance, re- 

spectively, of one-half of the conductor, then 

L’ R’ 

L => = R = . 

n n n 
Let / denote the half length of a uniform wire having c , 7, and c, for inductance, 
resistance, and capacity per unit length, and let it have the same total induc- 
tance, resistance, and capacity as the non-uniform conductor. Since 


lc = R’, le= Cc” 
we shall have 
le 


This uniform wire having the same total inductance, resistance, and capacity as 
the non-uniform conductor, will be called the corresponding uniform conductor. 
From (11) we obtain 


+ per) = — 4 sin 


2n 
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whence 


r 14n? . r* r 


Equation (10) now becomes : 


aft. 87 
(12) =e LA, cos (2n — 2m + 1) (kt —e,). 


It is clear that the oscillations on the non-uniform conductor of the first type 
have the same damping constant as the oscillations on the corresponding uniform 
conductor. It will be shown presently that under certain conditions they will 
also have the longer periods, up to a certain limit, very nearly the same as the 
corresponding uniform conductor. For these periods, then, the non-uniform 
conductor will be equivalent to its corresponding uniform conductor. 


Second case. The transmitting apparatus is not present, and in place of the 
receiving apparatus there is a break in the line at B. 
In this case h, = 0, h,= co. Equation (9) gives: 


= B sin (2n— m+ 2)6, 
provided that 
cos (2n —1)0=0, 


or 


We shall have, therefore, 


Hence 
(13) Sin (2n — 2m + 008 (hy, — 


The remark in the preceding case regarding the damping constant and the free 


periods also applies here. 


The wave-lengths of free oscillations.—The angles sa7/2n and 
(2s + 1)7/2(2n —1) have an interesting physical meaning which will be 
brought out by considering the wave-lengths of the oscillations. Consider one 
of the component harmonics of «, in Case I, say 


= A, cos (2n — 2m 4+ 1) 9, 008 (At—e). 
Compare it with the corresponding component of », , that is, with 
1 


= A, cos (2n — 2m, + 1) 9), £08 (At —e,). 


| 
23+17 
| 
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If they are a wave-length apart, &) = & and m, — m is equal to the num- 


ber of coils covered by one wave-length. But in this case, 


(2n — 2m + pea = (2n — 2m.) os + 27; 
2n Qn 
therefore Qn 
—-nr= =D). 


Hence v. is the number of coils covered by a wave-length which corresponds to 
the harmonies. It can be shown that, in the second ease, 2(2n — 1)/2s +1= v.. 
For sw 2n and (2s + 1)m 2(2n — 1) we can, therefore, write 7 v, = 27/2v,. 
The physical meaning of 27 v, can now be readily fixed. A coil represents a 
definite fraction of a wave-length, and this fraction will have a different value for 
different harmonics. The higher the harmonic the shorter will be the wave- 
length and therefore, the larger will be the value of this fraction. It is con- 
venient, however, to measure this fraction in terms of an angle instead of in 
terms of a wave-length. If we arbitrarily assume that an angular distance 27 
corresponds to a wave-length then an angular distance 27 n will correspond to 
the nth part of a wave-length. With this understanding, 


st 2n and (28 + 1)7'2(2n —1), 


that is 27 2y_ represents one half of the angular distance covered by a coil. 


C. A non-uniform conductor of the first type compared 
with its corresponding uniform wire. 


a. Similarity with respect to free oscillations.—Comparing the expressions 
for the free periods of oscillation which were obtained in sections I and II we 
see that as long as 7 v, can be written for sin 7 v,, so long will the periods of 
free oscillations of the non-uniform conductor be nearly the same as those of its 
corresponding uniform conductor. We have therefore the simple rule : A non- 
uniform conductor of the first type represents its corresponding uniform con- 
ductor as nearly as one half of the angular distance covered by one of its coils 
represents the sine of that distance. The non-uniform conductor employed by 


me * in my experiments had 400 coils. In this case 


400° 
For s = 25, we have7 v,= 716. Nowsin 7,16 differs from 7/16 by 2 of one 


per cent of the value of 7 16. Hence the period of the 25th harmonic of my non- 


See paper cited in the introduction. 
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uniform conductor differs from that of the same harmonic on the corresponding 
uniform wire by less than 3 of one per cent. For lower harmonies the difference 
is smaller. The 25th harmonic had approximately 3,500 p. p. s. Hence up to 
the 25th harmonic, that is up to 3,500 p. p. s., the non-uniform conductor em- 
ployed by me had nearly the same free periods as its corresponding uniform con- 
ductor. 

b. Similarity with respect to forced oscillations.—The wave-length and the 
attenuation constant corresponding to a given frequency speed p, can be studied 
by studying the angle @ from the following equation : 


l 
— 4sin?@ = —p?LC+ ip RC= -,[—ppC iprC] 


or 


= } + 


where C, and, are the inductance, capacity, and resistance, respectively 
yer unit leneth of the corresponding uniform conductor; and p , a , and f 
have the same meanings as in § I. 
Referring now to equation (4), $I, we shall find that 
5 5-9 


If, therefore, /a,/2n is sufficiently small we can put 


l l 
— 


When this substitution is made in (7) and (7a) these equations will transform 
into (5) and (5a) of $1, which shows that under these conditions the non-uniform 
conductor of the first type becomes approximately equivalent to its correspond- 
ing uniform conductor, the degree of approximation being the same as that of 
sin @ to@.. 

The physical meaning of this can readily be made clear. If by A’, we denote 
the wave-length on the corresponding uniform conductor, corresponding to the 
frequency speed p,, then according to § I, 


Qar l Qa 
a= a= 


Let n, be the number of coils on the non-uniform conductor which cover a 


wave-length of frequency speed p,, and let ¢, be the angular distance covered by 
a coil, then 


=—-,w=— ,(a+if), 
a=B. 
$ Qa 
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erm 
or 
9 
n: 
Hence 
1 $ 
= @ == e 
nr. n° 


The substitution mentioned above will therefore be permissible when } ¢, 
(that is, one-half of the angular distance covered by a coil) is approximately 
equal to sin ¢/2. We have here the same rule as in the case of free oscilla- 
tions. It will be shown in § III that this rule is also applicable to non-uniform 


conductors of the second type, for waves of both forced and free periods. 


SILI. Wave PropaGaTiION ALONG A NON-UNIFORM CONDUCTOR OF THE 
SECOND TYPE. 
A. Waves of forced periods. 


The conductor is represented in the diagram of Fig. 3. A long uniform wire 


forms a loop L, --- L,.,. At equal intervals are inserted in series 24 + 2 equal 


Fie. 3 


coils Z,, L,,---. Tomake the discussion more general, let each coil have a con- 
denser of capacity C’, in series with it. . 

Let L, R, and C, represent the inductance, resistance and capacity, respec- 
tively, per unit length of the uniform wire. Let an e. m. f. of type He’ be 
impressed at L,. Employing the usual notation we shall have the following 
equation of propagation at every point of the uniform wire: 


d*y dy 1 


the same as in $I, but here the integral has to satisfy 24: + 2 boundary con- 
ditions, one at each coil. On account of the symmetry of distribution of the 
coils on the two sides of the loop this number is reduced to / + 2. 


Le L; 
L, 
Le Ls Lit: 
| 


verge. 
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To formulate these boundary conditions introduce the following notation : 

Let 2/7 be the length of the loop; 7/(4 + 1) will be the distance between two 
consecutive coils. Let Z,, #,, and C,, be the inductance, resistance, and 
capacity, respectively, of each coil. Let y, be the current at any point of the 
interval between the coils J, and L, Denote the distance of this point 
from coil LZ, by &. 


The currents in the coils will be denoted by ~, , 


Log & It is 
evident that 


The boundary conditions for all coils except Z, and L,., can now be stated. 


They are: 


oy ) . 
m = —O(— pr, + iph,)2,, = — he,,, 


where 


There are / equations of this form. The boundary equations for the first 
and the last coil are of the following forms : 


ae 


for the last coil. 


Equation (3) of $I and equation (6a) of § II suggest the following trial 


, 
= ip — he, = he, 


for the first coil, and 


solution : 


(1) = cos + Ay sin 


where y has the same value as in § I. 
When &=0, y,, becomes a, , and when =//(k +1), y,, becomes 
Hence 


2,,,= K, cos 1 + A, sin 1° 
Therefore 
l 
“a Yn = 
sin on 


We have now to determine the + 2 constants 7,,---, from the + 2 
boundary equations. 


1 
A, = L,- * 
prc 0 
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Begin with the boundary equation at the coil Z, : 


sin 
~ 
Therefore 
dy 
2 = 9 COs == — 
(3), ( co 1 I h 
sin 1 
Let 
co=h — 4sin*} = 
the boundary equations can then be written : ; 
p 
(o + —a =yt 5715 
(o + 2)a =), 
(o + 0, | 
o 


This system is of the same form as system (6) of $II. Equation (7) of that 
section enables us to write down the solution of (3). 
Let 
o+2=2 cos 2y; 


then w,, y,, have the respective values : 


(4) D sin E+ 2 (k —m 


2u sin 2y sin 2 (k + 


(5) 


| cos 2(k — m + sin + cos2(k —m+1)¥ 
2u sin 2y sin 2(k + 


= 
= 
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These statements give the complete mathematical representation of waves of 
forced period on a conductor of this kind. The angles w and yu are, of course, 
complex ; hence, in order to calculate from these equations in any particular 
vase the principal quantities with which we are concerned in wave propagation, 
namely, the wave-length and the attenuation constant, it would be necessary to 
study separately the real and the imaginary parts of these equations. This study 
in its broadest aspect presents considerable mathematical complexity. It is, 
however, somewhat remote from the principal aim of this paper which is to as- 
certain the conditions under which a non-uniform conductor of the second type 
is approximately equivalent to its corresponding uniform conductor, that is, to 
ascertain the frequencies for which the two will have approximately the same 
wave-lengths and the same attenuation constants. 


Equivalence of a non-uniform conductor of the second type 


to its corresponding uniform conductor. 


The solution of this problem is obtained by studying the following equation : 


sin 
s = 93 con 
or 
ul 
Asin, 


The subseript s denotes that the particular frequency speed p, is considered, 
and 


wp=a+iB, a=B. 


If A, is the wave-length corresponding to p, on the uniform wire before the intro- 


duction of the reactance points, then 


l l QW 


Let 0. be the angular distance between two consecutive coils for wave-length A, : 
then 
l 
3:8: 
ae 
therefore 
l 


Trans. Am. Math. Soc. 19 
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Hence if @ is so small that sin 0, = 0, very nearly, then 


l 
=— 4sin’y, 


or 
k+1 + 4) + + 4); = — 5m 
where p and r are the inductance and resistance, respectively, per unit length of 
the inserted coils, so that p + Z and x + #, are the inductance and resistance 
respectively, of the corresponding uniform conductor. This last equation can 
also be written : 

‘ 

(a’ + = sin 

In this ease also a’ = 8’. 

Let X’ be the wave-length for frequency speed p, on the corresponding uniform 


conductor. Then 


a= 
A, 
Put $' = Ja’ (k + 1); then ¢’ is the angular distance between two consecu- 


tive coils, the angular distance of X’ being 27. 
If, therefore,’ is so small that sin }¢’ = 1’ very nearly, then 


very nearly. 

Making this substitution in (4) we obtain equation (5) of § I. 
of wave propagation for a non-uniform conductor of the second type is, under 
these conditions, the same as that for its corresponding uniform conductor. 
The two will have approximately the same wave-length and the same attenuation 


The equation 


constant for the frequency speed p, . 
The degree of approximation is the same as that of sin 2 to y/2. 
A numerical example will illustrate this point more clearly. 


Consider a uniform telegraph wire having the following constants per mile : 


L = .004 Henry, 
R= T Ohm, 
C= .01 x 10-° Farads. 


Introduce at each mile a coil having 


L, = .036 Henry, 
R=1 Ohm. 


1 
4 
t 
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The non-uniform conductor thus obtained will have for its corresponding uni- 
form conductor a uniform wire having, per mile, 


L+ L,= .04 Henry, 
R+ Rk, = 8 Ohm, 
C = .01 x 10-° Farads. 


For a frequency of 1500 p. p. s. we shall have p, = 27 x 1500. 
The wave-length ’ on the corresponding uniform conductor for this frequency 
is very nearly 
= 33 miles. 


Hence, since the interposed coils are one mile apart, we shall have 


sin }¢’ = sin 
33 

Now sin 7 33 = 7/33 to within } of one per cent of the value of 7/33. Up 
to this degree of approximation the non-uniform conductor just described will 
have the same wave-length and the same attenuation constant as its corres- 
ponding uniform conductor. For lower frequencies the degree of approxima- 
tion will be much higher; hence for all frequencies which are of any importance 
in the telephonic transmission of speech the two conductors are equivalent. 


B. Waves of free period. 


Equation (4) holds for all values of ; it should therefore hold good when 
D=0. In this case, however, all the currents will vanish unless the denom- 
inator vanishes, that is, unless 


(40) sin 2y sin 2(k + 1)y~=0. 
This transcendental equation together with the equation : 


determines the free periods and their corresponding damping constants. 
Equation (4@) will be satisfied when 
Y= +1)’ 
where 7 is any integer from 0 to o. 
When r= s(k +1) we shall have not only sin 2(4 + 1)~ = 0, but also 


sin2wv = 0. 


. 
| 
4 
| 
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These particular values of y give a set of free oscillations which form a dis- 
tinct group, called further below the oscillations of normal period. 
Equation (44) should therefore be written : 


k+1 pl 

(4c) + 2 cos 2 


This equation will be referred to as the period equation. 
It should be observed that 


—w=C(vL+vR), 


An inspection of (5) shows that the complete solution for waves of free period 


can now be written : 


| cos (k — m + 2) sin 
sin 
+ cos — m + 1) sin w & [> 


In the case of a uniform wire the periods and the wave-lengths of the simple 


harmonic components 9, , 7,, 7,, have in general a harmonic relation. 
The introduction of the reactance points L,, L,, --- disturbs this relation in con- 


sequence of a displacement in the values of the normal periods and of the normal 
damping constant. It is evident from purely physical considerations that since 
the introduction of the reactance points increases, in general, the inductance per 


unit length, the periods will be lengthened. 
a. Waves of normal period. 
According to equation (7), § I the wave-lengths of free oscillations on a uni- 


form loop are as follows : 


21 21 21 21 21 
21 21 


> 8(k+1)° s(k+1)4+1’ 


Divide this series into groups of (4 + 1) members each. Consider now the 
last member of each group; call it the terminal member. The wave-lengths of 


the terminal members are 


| 
3 
| 
; 
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2/7 27 2/ 
(k+1)’ 2(k+1)’ s(k +1)’ 


These terminal members will appear with normal periods among the free oscilla- 
tions on the periodically loaded loop. To show this consider the components of 
y,, of type 7,.,,,, Where s may be any integer between 1 and o. Since in the 
case of these components y = s7 , the period equation becomes : 


h pl pl 


This equation will be satisfied by putting 


(k + 


The free periods of components of type n,,,,, are now easily obtained : 


Therefore 


From the expression for y,, we deduce : 


k + 


sk-+1) 


where 
R 


y= Be cos (pt —e,). 


The wave-length of this component is 2//s(k + 1). 
The wave-lengths of the component of type 7,,,, are 


21 2] 21 21 
k+1° 241)’ 8441)’ s(k+1)’ 


From the wave-lengths and their corresponding periods we see that the oscil- 
lations of the type 7,,,,, are identical with the terminal members of the groups 
into which the free oscillations on a uniform loop were divided above. The 
physical reason why these periods have not been disturbed by the introduction 
of reactance points is easily seen; it is because they have their nodes at the 
reactance points. The other members of each group have been disturbed by 
the presence of the reactance points. The character of this disturbance will 
now be discussed. 


i 
4 
4 
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b. Waves of displaced period. 


From the expression for y,, we deduce, by putting § = 0, 


l 
, A_eos (k —m + 2) sin 


sin k+1 
= 


First, consider the wave-lengths of these oscillations of type —&, .. Begin 


with the fundamental : 


A, cos (k —m + 2), 
sin 


As m increases from 1 to 4 + 2 the angle (4 — m + 2)7/(k + 1) diminishes 
In Fig. 4, the line ZZ, represents the length of the loop, L,,, 


from 7 to 0. 
Points 1, 2, 3,---, 4+ 2 mark the position of the 


is the middle point of it. 


Fia., 4 


reactance points. At these points measure off abscisse equal to , , 
The extremities of these abscissz will be on the harmonic curve I. This curve 
represents the fundamental oscillation of displaced period. Its wave-length 
is 2/, the same as the wave-length of the fundamental oscillation before the in- 
troduction of the reactance points. 

The next component is 


Qr 
A, cos (k — m + 2) sin 
sin), +1 


As m increases from 1 to k + 2 the angle (4 — m + 2)2s/(k + 1) diminishes 
It will therefore have four maxima and four zero points on the 
Its wave-length is 7. This component is represented by curve II in Fig. 4. 


from 27 to 0. 
loop. 


| 
| 
| 
| 
I 
II 
} 
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Take now the last component but one of the first group of free oscillations of 
displaced period. It is 


sin 


kar 
9 
A, cos (A m + +1 


; kor 
sin 


k+i 


As m increases from 1 to k + 2, the angle ( — m + 2)ka,(é + 1) diminishes 
from ka to 0. This component has therefore 2/: maxima and 2/: zero points on 
the loop. Its average wave-length is 27. The last component of this group 
is the same as the lowest oscillation of normal period, that is, 7,.,,. 

The components of the first group have therefore the same average wave-lengths 
as the components of the first group of free oscillations on the loop before the 
introduction of the reactance points. 

It can now be easily shown that this is true for the components of all the other 
groups and attention should be called here to the fact that the wave-lengths of 
the free oscillations of displaced periods can be considerably smaller than the 
distance between two consecutive reactance points. The introduction of the re- 
actance points changes, therefore, neither the number of free oscillations nor 
their average wave-length. Their periods, however, and their damping con- 
stants will be changed as will be shown presently. 


e. Displacement of periods. 
The periods and damping constants of the oscillations of displaced periods 
are determined from the period equation : 


k+1 
+ + 2eos = 2cos 


k+1° 


sin 


The unknown quantity v,, contained in h and yw, is, of course, a complex 
quantity, that is, we can write 


v.=n +ip,. 


I am not as yet quite ready to discuss fully the general properties of the roots 
of the period equation. Besides, such a discussion would go considerably beyond 
the limits of this paper, the principal object of which is to determine the condi- 
tions under which the non-uniform conductor of Fig. 3 is equivalent to a uni- 
form loop. I shall limit myself, therefore, to a brief statement of those proper- 
ties, only, of this equation which bear directly upon these conditions. 

First, since 

[2s(k +1)+ 
k+1 


| 
| 
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it follows that the periods and the damping constants of the wave-lengths 


2/ 2/ 21 21 


are determined from one and the same angle y= rm/(k+ 1). This relation 
between these wave-lengths is illustrated graphically in Fig. 5. The horizontal } 


top bar marked 1,2, ---,44+1, ---, 2k +1, 2k 42, 2k 43, --- contains 


a numerical record of all the possible wave-lengths 

The first vertical column marked 0, 1, 2, 3, ---,4+1,--- contains the ) 


record of all possible values of 7, The meaning of the black dots is now easily 


ie ] | | 

| | | | te } | | | 

| 

P tert ey e ie 

fe} | | | Te 

Fie. 5 
explained. Take for instance the row of black dots in the horizontal bar 3. ‘5 
These dots are in the columns 3, 24k —1, 2445, 4441, 4447, ig 

This means that if, in the period equation : F 
A, pl pl rr if 

sin + 2 cos = 2 cos : ; 

we put » = 3, then the roots of the equation will give us the periods and the '; 
damping constants for the wave-lengths iF 

2/7 2/ 2/7 


3° 2k—1’ 2k+5’ 


For this reason these may be called the concomitant wave-lengths. An inspec- 


tion of this table shows that the concomitant wave-lengths are symmetrically ar- 


ranged with respect to the wave-lengths of normal periods 


wed 
é 
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21 


2k4+1)’ 4(k41)’ 


Of a given series of concomitant wave-lengths there is one in each of the groups 
mentioned above. The first one of these groups contains the longest wave- 
lengths ; it may be called the fundamental group. The wave-lengths of this 
group together with their concomitant wave-lengths give all the possible wave- 
lengths. If, in the period equation, the values 0,1, 2, .--, / + 1 are succes- 
sively given to r, the roots of the resulting / + 2 equations will give the periods 
and damping constants not only for the wave-lengths of the fundamental group 
but also their concomitants, that is, for all the wave-lengths. 

It should be observed that the more nearly cos r7/(k + 1) approaches the values 
+1 or —1, the more closely will the concomitant wave-lengths approach the 
wave-lengths of normal period around which they are symmetrically grouped, 
and therefore, the more closely will their periods approach the period of the 
central wave-length. For instance, the wave-lengths 


21 
2k+1° 4k 45° 


are concomitants of the wave-lengths 2/1. Their periods are obtained from 
the period equation by putting ry = 1. This makes cos ra + 1) approach the 
value + 1 and therefore, the periods of wave-lengths ‘ 
2/ 2/ 2/ 27 
and and 


2k +1 2k +3’ 4h 43 4k +5? 
will approach the periods of the wave-lengths 


| 2/ 


4(k4+1)’ 


which have been calculated above. When, therefore, / is large, the roots of the 
period equation : 


h 
sin + 2 cos = 2 cos 


pl ul 
k+1 +1 k+1’ 
come out in pairs of nearly equal magnitude for all values of + which are small 
in comparison to /. This peculiar property of the roots of the period equa- 
tion suggests a striking resemblance between the oscillations of a periodically 
loaded conductor and the luminous vibrations of an incandescent gaseous sub- 


stance which, in my opinion, deserves serious attention. I expect to discuss 


this matter more fully on some future occasion. 


| 
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| 

| 
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d. Equivalence of a non-uniform conductor of the second type to its corres- 
ponding uniform conductor. 

Suppose that we now increase the number of reactance points without in- 
creasing the total reactance and vesistance introduced into the line. In the ex- 


pression : 


h= C(v'p + »R), 


put 
Dr’ R LR’ 
then 


As the number of reactance points is increased, \’ and /?’ are to be kept con- 
stant; hence p and # must vary inversely as 4 + 1. When / becomes infinite, 
all the wave-lengths different from zero will be in the first group of Fig. 5 be- 
tween the columns 1 and’ +1. The other columns of this table lose their 
physical meaning. To show what becomes of the period equation when & ap- 
proaches the limit oo , write the period equation in the following form : 


l si l 
4sin?] lp Asin?! rT 
Since wave-lengths different from zero are to be considered, only finite values 
of r need be considered. Hence when k = o the period equation becomes : 
Ph’ — = — 

or 

C Sy*r’ 2 >) 

+h = — p? 
or 


This equation is, as it ought to be, the period equation of a uniform conductor 
of inductance + ZL, resistance + and capacity per unit length. 
This conductor is the so-called corresponding uniform conductor of the periodic- 
ally loaded loop. 

When & is large but not infinite the same relation will exist approximately, 
and it is proposed to ascertain now the degree of this approximation. 

We have seen that /u (/ + 1) varies with 7 as follows: 


lu 
k+1 


where r=s(k+1), 


* 


| 
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s being any integer from 0 too. Thus when 


rv 


is 0,7, 27, 37, ---, 


1 will be 0, w, 27, 37, 47, ---. 
Since pwl/(k + 1) varies continuously with + it follows that when rz (/ + 1) is 
small, u//(t + 1) will also be small since both vanish simultaneously. It is well 
to introduce here the physical meaning of » (/ + 1). Let X, be the wave-length 
of the wave for which w= r7 2(k + 1); then A, = 2/7, and therefore 


9 


where /, is the distance between two consecutive coils. Let 27 be the angular 
distance of _, and @ the angular distance of /, corresponding to the period of 
then 


Therefore 


Since for small values of 27 (/ + 1) the angle pl/(k + 1) is nearly equal to 
rm/(k + 1) it follows that within these limits y//(/ + 1) is approximately equal 
to the angle @.. It follows therefore that wave-lengths for which @, is suf- 
ficiently small, the period equation : 


Lh’ 
k+l p 


sin 


| 
Fei 4 sin’ } 4 sin’ } 


TT 
k+1 k+1’ 


ean be written: 


(\? 
Clv(r + L) + v(h R)} =— 1) 


or 


that is, the periodically loaded conductor has approximately the same period, 
damping constant, and, of course, the same wave-length as its corresponding 
uniform conductor. The degree of approximation is of the same order as the 
degree of approximation between one half of the angular distance separating two 


consecutive coils and the sine of that distance. 


| 
| | 

| 
| 
| 
| 
| 
| 
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It should be observed that if the whole loop is divided into a number of equal 
parts and the consecutive parts are connected to each other by mutual induction, 
then the non-uniform conductor thus obtained will act in the same way as the 
non-uniform conductor of Fig. 3 of this section. Another arrangement which is 
equivalent to the two arrangements so far described is obtained by placing 
bridges at periodic intervals of the uniform loop, each bridge consisting of a coil 
of proper resistance and inductance, and the distance between the bridges being 
adjusted in accordance with the general rule formulated here. The mathematical 
analysis of these two arrangements does not differ essentially from the one given 
here and can be easily worked out. 

A rule governing the degree of approximation between a non-uniform conduc- 
tor and its corresponding uniform conductor has thus been established, and it 
has been proved that the same rule is applicable to both types of non-uniform 
conductors and also to both forced and free oscillations. The principal object 
of this investigation has, therefore, been accomplished. 
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UEBER SYSTEME VON DIFFERENTIALGLEICHUNGEN 
DENEN VIERFACH PERIODISCHE FUNCTIONEN GENUGE LEISTEN* 


VON 


MARTIN KRAUSE 


In der Theorie der elliptischen Functionen haben sich die linearen Differen- 
tialgleichungen von Bedeutung gezeigt, deren Coefficienten gewohnliche doppelt 
periodische Functionen sind, wihrend die Integrale sich als doppelt periodische 
Functionen zweiter Art darstellen lassen. Insbesonders sind zwei Gleichungen 
in einer Reihe von Arbeiten untersucht worden, die Lam£sche + und die Picarp- 
sche ¢ Differentialgleichung zweiter Ordnung. Nachdem Verfasser § versucht 
hat, im Gebiete der Systeme von Differentialgleichungen zweiter Ordnung, deren 
Coefficienten vierfach periodische Functionen sind, diejenigen herauszugreifen, 
welche als einfachstes Analagon zu der Lamf&schen Differentialgleichung ange- 
sehen werden kinnen, sollen im Folgenden Systeme von Differentialgleichungen 
aufgestellt werden, welche als Analogon zu der PicarDschen Differentialglei- 
chung zweiter Ordnung gelten kénnen. Die Anschauungen, welche Verfasser zu 
seinen Resultaten gefiihrt haben, beruhen auf den Arbeiten von Herrn Fucus, 
insbesondere derjenigen, welche sich in den Nachrichten der Gottinger 
Gesellschaft der Wissenschaften vom Jahre 1878 und im 81sten Bande 
des Crelleschen Journals vorfinden. 


$1. 


Als Ausgangspunkt der Theorie wiihlen wir die Function : 


> 
(1) Sa ented 


wobei G(z) eine ganze Function von z aus lauter ungleichen Factoren bedeutet, 
welche die Form hat : 


* Presented to the Society (Chicago) April 14, 1900. Received for publication April 5, 1900. 

+ Siehe hieriiber vor allem HERMITE: Sur quelques applications des fonctions elliptiques. Paris 
1885. 

{PicaRD: Sur quelques applications de la théorie des fonctions elliptiques, Comptes Rendus, 
Band 89. 

¢ Sur les systémes d’ équations différentielles auxquels satisfont les fonctions quadruplement periodiques 
de seconde espéce, Comptes Rendus, 1898. 

Ueber verallgemeinerte Lamé— Hermitesche Differentialgleichungen fiir den Fall zweier verdnder- 
lichen Gréssen, Berichte der Leipziger Gesellschaft der Wissenschaften, 1898. 
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wihrend unter /?(z) der Ausdruck verstanden wird: 
= 


Diese Function Z leistet dann der Differentialgleichung Geniige : 
CZ (v +1)R(z)\ dZ Z 
9 >/. 
(2) : =40 M, 
4¢2 22" R(z)G'(zP 
G(z) 


Wir wollen nun die Bedingung hinzunehmen, dass der Coefficient von Z vom 


2(v + 1)G@'(z) R(z) 


M = G'(2)R'(2) + 2G"(2) R(z) + 


Unendlichkeitspunkt abgesehen den Nullpunkt als einzigen singuliiren Punkt 
besitzen soll, dann muss jedenfalls die Grosse: 


(2) R(z) — 4c? 
durch G(z) theilbar sein, oder also die Form haben: 
> G(z) d(z), 
wobei dann z?’*? ¢(z) eine ganze Function von z bedeutet. Nehmen wir an, dass 


ist, so wird der Grad von 2*’>? $(z) gleich m + 3 sein, so zwar, dass gesetzt wer- 
den kann : 


Es ergiebt sich dann die Beziehung : 
( ) 4c? = G(z)h(z). 


Wir differentiiren links und rechts nach z. Der Differentialquotient auf der 
linken Seite nimmt die Form an: 


wihrend er auf der rechten Seite wird: 


G(z)'(z) + G'(z)6(z) 


Da G(z) und G'(z) keinen gemeinsamen Factor besitzen, so muss eine Glei- 
chung von der folgenden Form bestehen : 


| 

| 
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(4) 6'(z) = G'(z) (AX + BY + Cz 4+ D), 
oder also wir erhalten die Beziehung : 


(5) (z) = G(z) + BY + Cz + D) + 27? 


Andrerseits ergiebt sich, wie aus der Definition von ¢,(z) folgt, die Gleichung : 
(z) = 2G"(z)R(z) — G'(z) {20 +1 4+ + (2v — 1)r, 
+ (2v — 2)r, 2° + (2v — 3)r, 2*} . 
Aus dieser Gleichung folgt fiir $,(z) die Form: 


=m 


(6) $,(2) = > q, 


wobei g, den Werth besitzt : 


(7) q,= (m — s — €) (2m — 2v — 2s —e— 2)p,.. r, 


j—e 


Differentiiren wir in Gleichung (5) beide Seiten nach z und beriicksichtigen 


Gleichung (4), so erhalten wir die Beziehung : 


(8) = q. gn—2v—s—3 
wobei gesetzt ist : 

q. (2m — — — D)p, A + (2m 20 — — 
(9) 


+ (2m — 2s — 2v — 3)p,., C+ (2m — 2s — 2v — 2)p, D. 
Aus Gleichung (6) ergiebt sich aber fiir $/(z) ein zweiter Ausdruck, nimlich : 
(10) = (m — 2v — 8 — 
Die Vergleichung der beiden fiir ¢/(z) gefundenen Werthe fiihrt dann zu der 
Recursionsformel : 
(11) (m—2v—s—2)7 = 
Sondern wir die Werthe m = v und m = v + 1 ab und setzen fiir s der Reihe nach: 
— 3, —2,—1, 0, so ergeben sich fiir die Gréssen A, B, C, D die Werthe: 
A =m(m— 2v +4 1)r,, 
(12) 
B= m(m — 2v)r, — (2m — 2v — 1)p,7,, 


C = m(m — 2v — 1)r, — 2(m — v— 1)p(r7, — p, — 2(2m — 2v — 3)p, 7,, 


D = m(m — 2v — 2)r, — (2m — 2v — 8)p(r, — pyr, + Pi 7%) 


— 2(2m — 2v— 4)p, 7, + (6m — 6 — 11)p, Pot, — 3(2m — 2v — 5)p, ‘ 


| 
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Aus den folgenden Gleichungen fiir s = 1, 2, ---, m sind die Grossen p mit 
Ausnahme einer einzigen bestimmt, welche willkihrlich bleibt. 
Die Differentialgleichung (2) nimmt die Form an: 


1\R 1Z Z 
(13) &(z) +(3 + 1)R( 


4 (434 B2+ Cz+D). 


Die beiden Integrale besitzen die Form : 


wobei das positive Zeichen zu dem einen, das negative zu dem anderen Integral 


gehort. 


§ 2. 
Wir haben bei den Erérterungen des vorigen Paragraphen die Ungleichheit 
> 
gebraucht : 
on + 3 > 4+ 
Im Uebrigen kann m eine jede ganze positive Zahl bedeuten. Die Resultate 
g ] 


vereinfachen sich etwas, wenn m so bestimmt wird, dass 


A=0 
wird. Es geschieht das fiir 


m=2v—1. 


Mit diesem Werth von m wollen wir weiter rechnen, bemerken aber, dass auch 
der allgemeine Fall im Prinzip genau so behandelt werden kann, wie der soeben 
angefiihrte specielle. 

Wir wollen uns dann die Gleichung (15) der vorigen Paragraphen fiir zwei un- 


abhiingige Verinderliche gebildet denken, so dass wir die Gleichungen erhalten ; 


PZ (v+1)R(z,)\dZ Z 
+ = 4 (Be + Cz, + D), 
(1) 
»+ 1)R(z,.)\\ dZ Z 
R z,) 4 (32'@) = (v + (Bz + Cz, + D) 


Die Integrale der ersten haben die Form: 


» » az 
R 2 J Giz R(z 


ZY G(z,) e* Z = G(z,) 


die Integrale der zweiten konnen wir schreiben : 


5 


G(z) e J Gz) JR) 
| 
| 
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Die Functionen : 
und = ZZ? 
geniigen dann jedenfalls beiden Differentialgleichungen. 
Wir fiihren jetzt die hyperelliptischen Functionen nach ROsENHAIN ein, indem 
wir setzen : 


dz dz. 
YR(z,) R(z,) 
(2) 
2du, = — z, dz, z, dz, 


= 
R(z,) R(z,) 
Die Grossen Z'' und Z°) kénnen dann auch als Functionen von uv, und w, ange- 
sehen werden. Um das anzudeuten, wollen wir an Stelle des Buchstabens Z uns 
den Buchstaben ¢ eingefiihrt denken. Die Differentialgleichungen (1) nehmen 
dann die Form an: 


ou; vu, CU, ou; cu, 
= (Bz + Cz, + 
dh op %Av+1) ob op 
1 


= (B23 + Cz,+ 
Aus ihnen ergeben sich durch einfache Operationen die beiden Differential- 


gleichungen : 


Pp (v+1) A #(v) v #i(v) dp 
Out ou’ 8, KA pm Ou, Ou, © KAM Ou, Ou, 
= ¢(— Bs, + WD), 
(v +1) (v) d #(v)\ 
5 — 2S, — = 
Out Ou, Ou, 8, du, F(v) ou, 
v #(v) 


Ou, F(v) Ou, 


(3) 


= Cs, Ds,) 
In diesen Gleichungen ist gesetzt : 


> 
, 
€ 


wihrend v, und v, die Argumente der Thetafunctionen bedeuten, welche den 


Argumenten wu, und w, der hyperelliptischen Functionen entsprechen und mit 
ihnen durch die bekannten linearen Relationen verbunden sind. 
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Es sind das zwei Differentialgleichungen mit vierfach periodischen Coefficien- 
ten, welche wir als Analogon zu der schon citirten Picardschen Differential- 
gleichung zweiter Ordnung im Gebiete der Thetafunctionen zweier Verinder- 


lichen ansehen kinnen und zwar fiir den ersten Fall von m. 

Die Darstellung zweier Integrale dieser Gleichungen durch Thetafunctionen 
kann iihnlich durchgefiihrt werden, wie es in den citirten Arbeiten des Verfassers 
fiir die verallgemeinerten Lamé-HermireEschen Differentialgleichungen geschehen 
ist. Entwickeln wir: 

aval 1 


a. und 


G(z,) G(z,) 
in Partialbriiche und beriicksichtigen die angegebenen Werthe von c, so gelan- 
gen wir zu Integralen derselben Form, wie sie an den angegebenen Orten durch 
Thetafunctionen dargestellt worden sind. 
Wir miissen dazu den einzelnen Wurzeln der Gleichung : 
G(z) = 0, 
d. h. den Grossen ¢, Parameter «,', a’ zuordnen, zwischen denen einerseits die 
Gleichung besteht : 
ofa”, 
wiihrend sie andrerseits den Gleichungen Geniige leisten : 
F(a, » _ Ap 
Unter solchen Umstiinden konuen wir die folgenden Siitze aussprechen : 
I. Die Differentialgleichungen (3) dndern sich nicht, wenn an Stelle von 
u,, resp. gesetzt wird: —u,,— 
II. Die Coefficients n ihrer linken Seiten sind unabhiingiy von den Grossen 


wh 


Ill. Zwei ihrer Integrale haben die Form: 


— +a”, v, + a’) 
I 


1 


_ 2 »—A, 


wobei unter Fortlassung des Index s gesetzt ist : 


Auch die noch fehienden beiden Integrale konnen durch Thetafunctionen darge- 


stellt werden—es miissen dazu aber andere Argumente, als die bisherigen ein- 


gefiihrt werden. 


| 
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ON LINEAR CRITERIA 
FOR THE DETERMINATION OF THE RADIUS OF CONVERGENCE 
OF A POWER SERIES* 


BY 


EDWARD B. VAN VLECK 


The most common criteria for the determination of the radius of convergence 
of a power series A, + A, + A,x* + --- are based upon well known convergence- 
theorems of CaucHy and involve expressions containing at most two coefficients 
of the series. According to oue criterion the radius of convergence is the limit 
of |A~'”"| or, in case no limit exists, the reciprocal of the greatest affix of any 
point of condensation of the sequence |A'”"|, (n= 1, 2, 3, ---). Caucny’s 
ratio test, on the other hand, gives the radius of convergence only when | A /A,_,| 
approaches a limit, the reciprocal of which is then the desired radius.¢ But 
though the first criterion is perfectly general and of the highest value for theo- 
retical investigations, it nevertheless has little superiority as a practical test for 
the determination of the radius of convergence of a given series. For when 

A, /A,_,| approaches a limit, the two criteria are of equal import, and the ratio- 
test is commonly used, being easier of application. On the other hand, in 
most cases when no limit for the ratio exists, the determination of the limit 
of A'"|, or of its points of condensation, is extremely difficult,t as, for ex- 
ample, when more than two coefficients are connected in the law governing their 
formation. 

The object of this paper is to establish certain criteria for the convergence of 
a power series when the (n + 1)th coefficient A, is connected with the preceding 
coefficients by a linear relation which tends to take a limiting form as n increases 
indefinitely. The criteria obtained include Caucny’s ratio test as a special case 
and may, indeed, be regarded as an extension of that test. They are applicable 
in many cases in which the simple ratio-test fails. One special class of series to 
which they apply (see sections 7 and 8) has been previously considered by 


* Presented to the Society February 24, 1900. Received for publication May 30, 1900. 

t When the ratio fails to approach a limiting value, only a minor limit to the radius of con- 
vergence is obtained from the sequence | A,—1/A,,| . 

t An exception worthy of note is a series in which A, does not approach a limiting value but 
has a finite upper limit. The radius of convergence is then equal to unity. 
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HapamaArp* and includes every series defining a function which has only polar 
singularities on the circle of convergence of the series. Another application, 
which will be made in a subsequent paper, is to the subject of linear differential 
equations. 

The linear criteria can also be extended to power series in two or more vari- 
ables. The last two theorems of the present paper give the extension for the 
case of two variables, and may be of some interest, inasmuch as criteria for the 
convergence of power series in two or more variables seem as yet to be very rare. + 


1. Simple proof of convergence. 
Consider a series : 
(1) Ap? +---, 


in which after some fixed term every p + 1 consecutive coefficients are connected 


by a linear relation : 


If the coefficients 4” in this relation, as n indefinitely increases, converge toward 
fixed limits b,, the series must converge for values of « other than zero. A 
simple proof of this is as follows. According to the hypothesis of the existence 
of a limiting form for (2), if we arbitrarily prescribe a small positive quantity 
€, an integer m can be found such that for n= m the moduli of the p differences 
b” — b, will all be less than ¢. Denote now with b’ the greatest of the quantities 
+ and with A’ the greatest of the moduli A... ile 
Then since for n=m every |b'"| <b’, it follows first from (2), by putting 
n=m, that 

A,| <pb'A’. 


m 
Hence if c¢ is the larger of the two quantities pb’ and 1, none of the p moduli 
from we ,| to inelusive can exceed cA’. Placing next n= m+ 1 in 
(2), we find that 


- A’ 
A_.,| <po'cA’ 
and, continuing in the same manner, we have in general 
| - , 


Therefore after the first m terms of (1) the moduli of the successive terms will 
be less than the corresponding terms of 


, 9 


*Liouville’s Journal, ser. 4, vol. 8. 

T In a dissertation published in volume 34 of the Mathematische Annalen J. HORN has 
given criteria of an entirely different character for the convergence of certain series which he 
terms hypergeometric series in two or more variables. 
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The latter series obviously converges for | <1c. It follows that S must 
converge within a circle of radius 1/c having its center at the origin. 


2. On the formation of the coefficients. 


For many purposes a simple proof such as this of the convergence of S gives 
all that is desired, although only a minor limit for the radius of convergence has 
been found. The proof, for example, suffices as an existence-theorem in certain 
simple cases in the theory of linear differential equations. To determine, how- 
ever, what the radius of convergence is, another line of proof must be adopted. 
Consider as a preliminary the power series a, + a,7 + a2? + --- for 


cet 


bw b a? 


which may be obtained by the method of indeterminate coefficients. Beginning 
with the (q + 2)th term of the series, each coefficient is obtained from the pre- 
ceding coefficients by the recurring relation : 


(3) a= ba + ba,_, 


n—l 
Conversely, if, after some fixed point in a series, the coefficients are connected by 
the relation (3), the series is the expansion of some rational fraction G(x)/B (x) 
whose denominator 2 (.r) is the polynomial 1 — 6,2 —--- — b,x”. A particular 
-ase which we shall have occasion to use is the series for 1 B(x) , the first few 
coefficients of which are obtained from the equations : 


a =1, 


~ 
~ 


ba, s 


(4) 
a= ba, + ba 


0? 


a, = b,a, + ba, + b,a,, ete.: 


the Jaw for the formation of the coefficients may then be said to hold from 
the outset. In any case, if the fraction has been expressed in its lowest terms, 
the radius of convergence of the series is equal to the distance from the origin 
to the nearest root (or roots) of B (x) = 0. 

Let us now return to our series S. The characteristic relation (2) may be 
written in the form : 


or 


n—p 


(6) A, b,A,_, + b,A,_, + + + 
in which 


= 
= 
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Beginning with the (m + 1)th term of the series, let each coefficient be ex- 
pressed in terms of the p coefficients A, , A,_.,. +++, A,,_, and of the quan- 
titiese , € .,, Let also the part of each coefficient which is independent 
of the latter quantities be written first, then in turn the parts containing €, , 


Thus, for example, 


€ 


A,, ( ) ’ 
=( )+ be, + 
A, +2 = ( ) + b,(4,¢,,) + b.¢€,, + be, +1 + €.. +2? 


in which the parts independent of the e, are indicated by parentheses. If now, 
after the mth term, we should neglect all the quantities «,, (i=m), the series 
would be the expansion of some rational fraction G(a)/B (x). As regards €, , 
it will be observed that it enters explicitly into the successive coefficients of S 
in the combinations : 


+ ’ b, [,(2,¢,,) + b,€,,] + + b,, 


be 


m? 


€ 


that is to say, in accordance with the law expressed in (4). If, therefore, the 
parts of the successive terms of S into which ¢, explicitly enters should be col- 
lected, they would give a power series P(x) fore, x"/ B(x). The portion of the 
series depending upon any subsequent ¢, gives in like manner the expansion of 
ex" B (a) into a power series. We conclude therefore that the coefficient of any 
power of x in the series S can be obtained by summing the coefficients of the 
same power of x in the various series which represent the respective members 
of the function : 

G(x) € x" 

(8) B (x) B(x)’ 


u=n 


The question whether it is permissible to rearrange S so as to put it into the 
form (8), or, in other words, whether F(x) and S are identical, will be considered 
later (§ 5). For the present it suffices that the coefficients of S can be ob- 
tained from (8) in the manner stated. 


3. Fundamental proof of convergence. 


We now proceed, with the aid of (8), to prove anew the convergence of S. 
According to our fundamental hypothesis the relation (5) tends with increasing 
n to take the form (3). If, therefore, any positive quantity «, however small, 
be prescribed, an integer m can be found such that for n = m every |é”"| will be less 
thane. To obtain a major limit to |A,| we shall have recourse to the following 


well known theorem : If a series 


i=0 


{ 
| 
| 
= 
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converges absolutely for || = &, then |e) < y&-" where ¥ is some fixed number 
independent of n. Let & designiate here any positive quantity smaller than the 
radius of convergence of the series for G(a) B (x) and for 1 BY xv), and let 
be taken sufficiently large that the inequality shall apply simultaneously to both 
series. Since the first m coefficients of S are also coefficients of the series for 
G(x) B (x) , we have 


It follows then from (7), by putting x = m, that 


| 1 1 1 X 
pat pate tesla 
X= &+--- + &). 


Hence |A_|, which is the modulus of the coefficient of x” in the series for 


where 


B (x) B 
is less than 
Y + X) 


Since also |A,_ <y(1 + we next obtain by placing n= m+1 


in (7) 
| 1 X(1 + X) 


From this it follows that A, .,, or the coefficient of «”*' in the series for 


m+1 


Bit Bia Bie? 
has a modulus smaller than 


X), 


,| and |A_.,| we have only to replace m by 
m-+1 and y by y(1 +X) in (9) and (10). Proceeding in this manner we 
obtain 

AX(1'+ X)! X 


m+q\ tq \+ m+ q| +q 


To obtain a major limit for |e. 


From the last inequality it is evident that S must converge within the circle 
of convergence of 


| 
| 
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a + ee 


the radius of which is (1+ 1). But by taking m sufficiently large the value 


14+ 2X 1+ X) 


of € and therefore of VY may be made smaller than any assigned quantity, while 
£ denotes any positive value smaller than the radius of convergence of the series 


for 1B (x). The series S must therefore converge within a circle C’ whose 
radius is the distance from the origin to the nearest root (or roots, if several 
have equal moduli) of B (“)= 0. The result thus reached may be recapitulated 
as follows : 

I. Let a series A, + Ayw + Ay? + --- be given in which, after some fired 
term, every p + 1 consecutive coefficients are connected by a linear relation : 


A, = (b, + €)A,_, + (0, + + (6, 


n 


Tf for any arbitrarily assigned positive value €, an integer m can be found such 


that for n= m every \€!| will be less than €, the series will converge within a 
circle C whose center is the origin and whose radius is the distance from the 


origin to the nearest root (or roots) of the polynomial : 


A special case of this theorem is that in which p=1. The root of the 
and we have Caucny’s 
ratio test for the determination of the circle of convergence. 


polynomial, 1 5,, is then also the limit of A 


n—l 


4. The linear relation with the smallest number of terms. 


A necessary consequence of the equation (5) is the existence of similar rela- 
tions containing a greater number of terms. For if in (5) we replace n by 


n +1 and subtract the original equation multiplied with a constant « , we obtain 


5 


A, (b,+ a+e — (b,— ab, + -—(—ab +e" 


in which the ¢"~' denote certain infinitesimals whose moduli may be made 
smaller than any assigned quantity by sufficiently increasing ». But this 
is exactly the form for a linear relation corresponding to the polynomial 
(1 — ar) B(x). We conclude therefore that for every polynomial which con- 


tains B (x) as a factor there exists a linear relation between the coefficients of 
B 


S whose limiting form corresponds to this polynomial. 
Suppose now that there is a linear relation of the same character as (5) but 


containing a smaller number of terms, say 


(13) — + )A, (b+ v=, ( p’ <p). 


% 


to 
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Then by taking successively 
r=n+p—p, n+p —ptl,---,n 

in this equation and subtracting the results multiplied into appropriate constants 
from (5), the last p —p’ +1 terms of (5) can be removed, and a relation is 
thereby obtained which connects only p’ coefficients of S. This relation may 
then be combined with (13) so as still further to reduce the number of coefficients 
linearly connected, and so on. It will be observed that the process is exactly 
parallel to that by which the highest common factor of the polynomials 2 (2) 
and B(x) = 1 — — --- isderived. Since also the coefficients of 
x and of A__, at the outset of the two processes differ only by infinitesimals, it 
is clear that the same holds true after the first subtractions. It follows then by 
mathematical induction that they will differ also by infinitesimals at the close of 
the parallel processes. Jf therefore there coexist two linear relations between 
the coefficients of S whose limiting forms correspond to two polynomials B (x) 
and B(x), there must also be a linear relation whose limiting form corre- 
sponds to the highest common factor of these polynomials. 

There can not, however, be two linear relations which correspond to poly 
nomials without a common polynomial factor. For the last subtraction in the 
process of finding their highest common factor would give a constant as a re- 
mainder. Consequently, to the last minuend and subtrahend there would cor- 
respond two linear relations whose limiting forms would differ only in a single 
coefficient, which is clearly impossible. By combining the two results last 
italicized we conclude finally that there is a single characteristic linear relation 
between the coefficients of S which contains a smaller number of coefficients 


than any similar expression. 


5. Fundamental expression for the function defined by the series. 

We now return to the question whether the series S can be rearranged so as 
to take the form (8). A sufficient condition for such a rearrangement is con- 
tained in the following theorem of WrIERSTRASS :* Given a series: 

q 
F= Us 
q= 


of which the general term w, is a power series : 
ap 


if the separate series w, and the collective series /” converge within a circle 
(22) and if also the latter series converges uniformly along every concentric circle 


* BIERMANN, Theorie der analytischen Functionen, 7 30, p. 146, or HARKNESS AND MORLEY, 
Analytic Functions, 3 81. 


‘ 
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(2,) of radius 22, < 2, then within the circle (22) the collective series can be 


expressed as a power series : 


Ap", 


u=0 
‘ 


in which the general coefficient A, is the sum of the corresponding coefficients 
a,, of the component series w, . 
In the collective series which we condensed in (8) u,,, is the power series for 


€,_,2°" B (a), which converges within the circle C. Within this circle the col- 


lective series F(a) evidently converges in the same manner as }> ex". But the 


u=—m 


latter, being a power series, converges uniformly within any circle concentric 
with its circle of convergence and having a smaller radius. We infer therefore 
the equivalence of our two expressions under the following condition : 


r> ex" converges within a circle whose radius is equal to or less than the 


radius of C, the series S will within this circle be identical with F(x) . 


The inequalities (11) show that }~ a" and S have a like connection with (12), 


n=m 


and the former series, as well as S, must accordingly converge within the circle 
C. Hence upon the hypothesis of a limiting form for our linear relation the 
Junction F(x) and the series S are identical within the circle C. 


6. The radius of convergence. 


One important inference can now be drawn from the form of (8). If B (x) 


is taken to denote the polynomial which corresponds to the linear relation con- 
taining the minimum number of coefficients of S, the roots of B (@) will be, 
in general, singular points of the function defined by S. Hence the distance 
p from the origin to the nearest root (or roots) of B (x) = 0 is in general the 
radius of convergence. 

Attention should, however; be called to certain exceptional cases, in which 
the radius of convergence is greater than this distance. This may occur if 
one or more of the roots of 7 () are zeros of the analytic function defined by 


G(x) + >>". Such a root, at least if simple, is then no longer a singularity. 


That such exceptional cases do arise may be seen by multiplying together 
»2 


and 
1 1 | 


The resulting LAURENT’s series is one in which for all values of n, positive or 
negative, 


4 

| 

4 

4 

‘ 
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1 
A, =(1 41): 


Confining our attention to the part of the series which consists of the positive 
powers, we have a series which converges over the entire plane. Yet it is character- 
ized by a limiting linear relation which corresponds to the polynomial 1 — «. 


7. Series defining functions whose only singularities upon the circle of 
convergence are poles. 


From inspection of (8) it is evident that all the singularities of the function 
defined by our series S which lie upon its circle of convergence will be poles 
when >> ¢”" has a radius of convergence greater than that of S. We shall 


a=—m 


show, conversely, that if a series defines a function whose only singularities 
upon the circle of convergence are poles, the series is characterized by a limit- 
ing linear relation, y ea” having a radius of convergence greater than the 


x= ™ 


distance from the origin to the nearest root of the polynomial which corre- 
sponds to the linear relation. 

To demonstrate the existence of a limiting linear relation, let the function be 
expressed as the sum of a rational fraction whose poles Jie upon the circle of 
convergence and of a series C, + C\x + Ca? + --- which converges beyond this 
circle. We will denote the denominator of the rational fraction by B (x). 
Decompose the rational fractions into simple fractions D1 + xa;')~": and 
expand each simple fraction into a series in ascending powers of x. The 
(n + 1)th coefficient will be 


(7, +1) -1)D, 


(14) D,, (— 1) a" 
If now r; > 7,, we obtain from (14) 
r,+n—1 
= 


When, therefore, n is indefinitely increased, ),, becomes negligible in com- 
parison with D... We will accordingly resolve our rational fraction into two 
parts, the first of which is the sum of all simple fractions in which r, has the 
maximum value, while the other part comprises the remaining fractions. 

Let the expansions in series for the two parts be }) C’\a" and D> C"x". If 
the former part consists of & simple fractions, we have 


(15) D+ Dy» 


a like equation holding for C”. Asn increases C’ becomes infinitesimal in 
comparison with each of the k components of C’;,. The same is true of 
C”_ (i=1,2,---, &), inasmuch as the ratio between D,,and D,,_; , any two 


4 — 
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corresponding components of C” and C’_,, approaches a finite limit. We 
will show also that the same quantities become infinitesimal not simply in com- 
parison with the components of the corresponding coefficients C’’_, but also in 


a 


comparison with at least one of these coefficients. 


If possible, suppose the contrary to hold, and consider the system of simul- 


taneous equations obtained by substituting n —1, » —2, ---, n—k forni 


(15). When » is indefinitely increased, the left hand member of each equation 
should become an infinitesimal part of any term on the other side of the equa- 
tion. Introducing into the system the values of the D, furnished by (14) we 
have 

6, + + --- + ai(az"D,), (i=1, 2,---k), 


in which the 6, designate the negligible left hand members. Now the deter- 
minant of the coefficients of the quantities a>"), becomes, after the removal of 
the factor a,a,---a,, a well known expression for the product of the differences 
of the a,. Since this product does not vanish, the system of equations can be 
satisfied only by supposing that each of the quantities a>"), is an infinitesimal 
part of itself—that is, only if D,= D,=---= D,=0. Our initial hy- 
pothesis was therefore untenable. Some one (or more) of the coefficients 
C"_(i=1, 2, ---, &) must remain of the same order of magnitudeas D, |_,, 
and in comparison with it the / quantities C’’ , may be neglected. 

A glance at (14) shows that this same coefficient is at least as great as 
ya,~", in which y designates an appropriate finite number independent of n. 


Since the radius of eonvergence of C+ + is greater than 
a, , we have also C’) <ya’~", in which a’| > |a|. It follows that the / 


coefficients C’_, are likewise infinitesimal in comparison with the above coefficient. 

The existence of a limiting linear relation between the coefficients of the 
series representing our function can now be quickly established. For if B_,(.) 
denotes the product of the denominators of the / simple fractions whose ex- 
ponents had the greatest value, we have 


By virtue of this relation the general coefficient C, + C’ + C’ in the series 
for the function—eall it A —can be thrown into the form : 


A = A 


n 


But, by the preceding paragraphs, when » increases, C’,, C”’, and the two paren- 
theses must become an infinitesimal part of some of the preceding terms. There 


is therefore a linear relation which corresponds to the polynomial B (2). The 


same must also be true of 2 () since it contains 2 .(.) as a factor. 


| 
f 
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It has thus been shown that the existence of a limiting linear relation for 


which }°e 2” has a greater radius of convergence than S is a necessary as well 
as a sufficient condition that all the singularities on the circle of convergence 
should be poles. The positions of the poles and their orders are determined by 
the polynomial B (x) which corresponds to the lowest linear relation of this char- 
acter. It is, however, to be emphasized that wn/ess all the poles are of the first 
order, this will not be the limiting linear relation containing the smallest nun- 


ber of terms. The latter is dependent only upon the poles of highest order. 


8. Hadamard’s conditions for polar singularities upon the circle of 
convergence. 

The necessary and sufficient conditions that there should be p poles upon the 
circle of convergence of a given series A, + A,v + A,w* + ---, and no other 
singularities, have been previously studied* by HapDAMARD and were thrown by 
him into the following very interesting form : 

If p is the radius of convergence of the series and 


A A A 


atl n+l+1 n+ 21 
then the greatest affix of a point of condensation of the sequence 


(n=1, 2, 


must be equal to 
C<p), 
If) (=p), 
in which p’ is a number greater than p. 

The second of these conditions can easily be shown to be a necessary one with 
the aid of our linear relation. For this purpose subtract from the last column 
of A, the preceding column multiplied into 6,, the second preceding column 
multiplied into 6, and so on. The constituents of the last column then become 
the quantities a ((=0,1,---, p). They must therefore be less than 
y'/(p')"*?*' while each constituent of any preceding column is less than y/p’. 
The modulus of A, must accordingly be less than I'/p"’(p’)’, in which I de- 
notes an appropriate number independent of x. The desired conclusion now 


immediately follows. Moreover |A_ || is less than I'/p"*” for any value of Z. 


* HADAMARD, Liouville’s Journal, ser. 4, vol. 8, p. 119. 


( 

7 A, A,,, A,,, 
A A A 
n+] +2 + 
ty 
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The greatest affix of a point of condensation of the above sequence can therefore 


never exceed 1/p'*'. 


“* To demonstrate that the conditions I and II together are sufficient, Hap- 
AMARD proves successively the following three points : 
lin 


1) When x increases |. converges toward p~” . 


=i 2) Simultaneously the solutions of the system of equations 


(16) Ai =O (i =0,1---, p—1) 
approach definite limits,* these limits being the negatives of the coefficients b, of 
B 
1+e\" 
3) = A,,,— 9,4 ( ). 


in which ¢ decreases indefinitely as » increases. 

The last point shows that the singularities can be removed by multiplying the 
series with B (x) , and thus that they are poles. 

HaApDAMARD has no occasion to explicitly note the existence of a limiting linear 


relation of the character here considered. This is, however, implied in 2). 


As regards the significance of the above three points, the first is used by 
H[ADAMARD as a lemma by which to establish the second under the given condi- 
tions. Logically, however, the second always carries with it the first, though 


the converse does not seem to be true. If, in fact, or 
approaches the limit 1 p’, we have 
(1 — e)/ A (1 + «)/ 
“ 4 
py 
Hence the limit of A... ,'"’ for j = wis 1 p” —The third point carries with 


it the two preceding. 

It should be expressly noted that no one of the three points is necessary that 
there should be alimiting relation. The second, however, suffices, and this fact 
suggests one method of determining the existence of a linear relation for a given 
series, namely, by an examination of the determinant ratios which are the solu- 
tion of (16) to see whether for any value of p they converge toward definite 


limits. 
9. The linear relation with an infinite number of terms. 


The theory developed in the preceding sections can be extended in a re- 
stricted form to series whose coefficients satisfy a linear relation which tends to 
take the form : 

(17) A, 


n 


* HADAMARD’s notation has been varied to bring it into accord with that used here. 
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the number of terms in the relation increasing indefinitely with n. In place 
of BY) au infinite series D(a) = 1 — bv — b,x? .-- must then be introduced. 


Let, for convenience, the linear relation be written thus: 


in which 
A,. 


Suppose now that the quantities ¢”’ and c, satisfy the following conditions : 
(1) For any arbitrarily assigned positive quantity € an integer m can be 
found such that for n= m every |¢;"| is less than e. 


(2) The series }°c,»" converges at least within the circle of convergence of 
i=1 
1 


Should every €, (n=m) be neglected, the coefficients after the mth term 
would be formed in accordance with the law (17), and the series would be the 


expansion of some fraction G(.r)/ B(x), in which denotes a polynomial. 
By collecting, as in § 2, the parts of the successive terms of the series which 
explicitly contain € (n= m,m-+1,---), we obtain the function, 


G(x) 


m 


Bix) * Bix) 
in place of (8). Let y and & have meanings similar to those in which they 
were before employed. Then 

A|| |A, < < yé- 
and 
where 
As & lies within the circle of convergence of }> cx", the sum of the series : 
i=1 

must have a finite value, say V. Then if Y = eyV, we have 


le,| < XE". 


With this value of Y the argument of § 3 may now be repeated, and our series 
may thus be proved to converge within a circle having the origin as its center 
and a radius equal to the distance from the origin to the nearest singular point 


of 1/ B(x). 


5 
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In case condition (2) is not fulfilled, £ must be taken smaller than the radius 
of convergence of }~ ¢.’ in order that the above considerations shall apply, and 
i=l 
the series A,+ Ayr + +--- is shown merely to converge within this 
cirele. No difficulty will be experienced in extending the same reasoning also 
to relations of the form: 


i=k 
i=1 i=1 


{=k 

the quantity V being replaced by _ V,. The result which will thus be reached 
i=l 

may be summed up as follows : 

Il. Let « series S= A,+ + Ay? + --- be given such that, after some 
fixed term, each coefficient is connected with the preceding coefficients by a linear 
relation (18) in which b, , 6., -++ are the coefficients of a convergent series 
if 
n=1 

(1) for any arbitrarily assigned positive quantity € an integer m can be found 
such that every \¢ | for n= m will be less than €, and 

(2) the k series YY cw", (6=1,2,---,k), converge within a circle whose 

l 


radius is the distance from the origin to the nearest singular point of 


1 


1 bx bx? 


then the series S converges within this circle. In case only condition (1) is ful- 


filled S converges within the region of convergence common to the k series. 


10. Series in two or more variables. 


Criteria similar to I and II can be derived for the convergence of power 
series containing two or more variables. This will be shown here only for the 
vase of two variables, inasmuch as the theory is in every respect parallel for 
the case of more than two variables. Let 


B(x y) =1- (0<i+j =p). 
If the reciprocal of this polynomial be expanded into a series 
(19) + Ayy + Ayo? + Ayry + Ayy? 


the coefficients of the terms of any given degree are obtained from the co- 


efficients of the terms of lower degree by means of the recurring relation : 


' 

| | 
| 
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A, =) (0 qt+r=p).* 


If in any series such a relation holds after some fixed term, the series is the ex- 
pansion of some rational function which has B (x, y) for its denominator. 

Consider now a series S of the form (19) in which every coefficient 1, whose 
index sum i +, is equal to or exceeds some fixed integer VW is derived from the 
coefficients having a smaller index sum by a relation of the form : 


where 


Let G(w, y) Bi, y) represent the rational fraction obtained by omitting 
every €, for which i + j exceeds some fixed integer 1. Then by reasoning 
similar to that of § 2 it can be shown that the coefficient of any term 2‘ in S 
can be obtained by summing the corresponding coefficients in the various 
power series which represent the separate members of the function : 


D= yt Bie, 

Denote with /2 and 7?’ the radii of any two circles in the x- and y-planes re- 
spectively which together constitute a domain of convergence for the series ex- 
panding G(x, y) B (a, y)and1/B (x,y). Then if & and are any positive 
quantities smaller than /@ and /?’ respectively, the coefficient of x‘y/ in either 
series will be less than y/£'n/, where y is some fixed number independent of i 
and j7. We have then 

< ‘ (i4+j<M). 

y E'n’ J 

Suppose now that for any arbitrarily small ¢ a value can be found for M such 
that for i+ j= M, every (¢'/| will be less thane. It will follow then from 
(20) that for every combination of values for i and j whose sum is W we have 


€; E'n/ 


+& 4+774+---47’), 


and therefore also 


where 


E'n? 

Taking for é and j all combinations of values whose sum successively is W/, 
M+1, W442, ---, we obtain finally 


A 


* No negative subscript is to be admitted either here or elsewhere. 


rans, Am. Math. Soc, 21 
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X(1 + 
(i+j= M) | 
*\i+j—M+-1 
The last inequalities show that S converges with 5 
i=0 j=0 E'n/ 


Now this double series is the expansion for 


(1 ze! (1 yi + A 
E 


and converges for 


r 


But ¢ and with it Y can be made less than any arbitrarily small positive quan- 
tity by taking J sufficiently large. We have therefore the following result : 


III. Let a series 4 
at a Aja y 
be given in which every coefficient A, whose index sum i+ j exceeds a fixed num- 
ber is obtained from the coefficic nts of smaller index sum by a relation of the form 
A, = + )Aj_,, (0<qt+r=p). 
If for any assigned positive value €, however small, an integer M can be found . 
such that for i + j= M every — is less thane, the series will converge at every 
point within the domain of convergence of P(x, y) =1 B(x > ¥)- 4 
Upon the same hypothesis S can be proved to be identical with the function 2 
I(x, ). The proof is based upon a generalization * of the theorem of WerEIER- 
sTRass cited in'$ 5. The form of (21) shows that if B(x, y) is irreducible, 
the above mentioned domain ix, in ge neral, the domain of CONLErGENCE of Ss. although ' 
we have not excluded the possibility of exceptional cases in which there may be 
a greater domain. If B (x) is reducible, a linear relation of lower order may ; 
correspond to one of its factors, from which a greater domain of convergence P 
might be argued. I 


The domain of convergence of the series for 1 2 (#, y) is fixed by the the- 
orem of WEIERSTRASS concerning the reciprocal of a power series. We have 


* BIERMANYN, loc. cit., pp. 148-150 


1 


4 


1900] FOR THE RADIUS OF CONVERGENCE OF A POWER SERIES 309 


only to seek for values (’, y’) which satisfy the equation B(«, y) = 0 and 
make |B (x, > 0 for < and |y| < |y’|. For definiteness and brevity 
the term radius of convergence * is sometimes applied to a power series in 
two variables, being used to designate the maximum quantity p such that the 
series converges if |x| <p and |y| <p. Its value is, in general, determined by 
Bix, y). Thus for the simple case in which B(x, y) = 1—d — b,y, the 
radius of convergence is obviously 1/(\b,| + |d,)). 

Theorem III permits of extension in the same manner as I, giving the fol- 
lowing result : 

IV. Let a series 

A,2'y 
be given in which every coefficient having an index sum greater than some fixed 
number is obtained from the coefficients having a smaller index sum by a relation of 
the form : 

If for an arbitrarily assigned positive quantity ean integer M can be found such 
that for i +j= M every is is less than € ; the series will converge within the re- 
gion of convergence common to the p series YY? meaty? » (Kal, 2, ---, p) 


and to the series for the reciprocal of 


>» > i (i+j7>0). 


WESLEYAN UNIVERSITY, 
MIDDLETOWN, CONN. 


* BIERMANN, loc. git., p. 138. 
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ON THE EXISTENCE OF THE GREEN’S FUNCTION FOR THE MOST 
GENERAL SIMPLY CONNECTED PLANE REGION 


BY 


W. F. OSGOOD 


The problem of mapping the interior of a simply connected plane region 7 


conformally on the interior of a circle depends for its solution on the proof of 
the existence of the Green’s function corresponding to 7, i. e:, of a function « 
satisfying the following conditions : 

(1) Except at a single arbitrarily chosen interior point O of 7, wu is single 
valued and harmonic throughout 7’. By harmonic is meant that w satisfies 
Laplace’s equation, Au = 0; 

(2) At the point O, uw becomes discontinuous like log 1 +, or 


u=loglr+uw, 


where w’ is harmonic throughout the neighborhood of O, 7 denoting the distance 
of the variable point (2, y) from O; 

(3) The boundary values of u are all 0, i. e., when the point (#, y) approaches 
from the interior of 7’ an arbitrary point of the boundary of 7’, wu approaches 
the value 0. 

Hitherto the existence of the Green’s function has been established («) for 
regions 7’ bounded by a finite number of pieces of analytic curves (SCHWARZ), 
and (4) for regions 7’ bounded by a finite number of pieces of regular curves 
(Parar and PAInLEvé£). By a regular curve is meant one that has a tangent that 
turns continuously as a variable point traces out the curve. Cf. Picarp, Traité, 
vol. II, chs. 111, 1V, X. In these cases it is shown furthermore that the boundary 
of 7 is transformed continuously into the boundary of the circle. In the present 
paper it is proposed to establish the existence of the Green’s function for the most 
general} simply connected plane region 7’. Such regions include (a) regions 
whose boundary is any Jordan curve ;¢ (8) regions whose boundary is more 


* Presented to the Society June 29, 1900. Received for publication June 23, 1900. 

| A single exceptional case is to be noted. If the image of 7’ on the sphere of stereographic 
projection consisted of the complete sphere less one point, the theorem would not hold. 

¢ By a Jordan curve is meant a — .cve of the general class of continuous curves without multi- 
ple points, considered by JORDAN, Cours d’ Analyse, vel. I, 2d edition, 1893, p. 90. Cf. HurR- 
WITz's geometric statement of JORDAN’S results, Zurich address, International Congress of 
Mathematicians, 1897. 
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general. As an example of the latter class of regions consider the following. 
Assume on the axis of « a set of points perfect, but not dense throughout any 
interval whatsoever.* Erect at each point of this set a perpendicular of unit 
length, drawn in the direction of the positive axis of y. The part of the upper 
half plane that remains after these lines have been cut out forms a region 7’ in 
point. If, in particular, the set of points on the axis of « was so chosen that its 
content is positive, the content of the boundary of 7’, regarded as a set of points 
lying in a two-dimensional space, will likewise be positive. Moreover, the points 
of this boundary present a peculiarity not shared by the points of a Jordan 
curve. There are namely points in this set that must be regarded as points of 
the boundary of 7), in as much as portions of 7’ lie in every neighborhood of 
these points ; and yet it is impossible to approach these points from the interior 
of 7 along a continuous curve; that is to say, if A denotes such a point and 
a circle of suitable radius ¢ is described with A as center, then it is, of course, 
possible to join an arbitrary point, say O, of 7 with a point of 7’ lying in the 
circle by means of a curve lying wholly within 7’. But if now a second circle 
of suitable radius e’ is drawn about A, it will not be possible to continue the 
above path to a point in the inner circle without first passing out of the larger 
circle. In the above example, any interior point on a line about which lines 
cluster on both sides will serve as a point A. 

The existence of points A makes it necessary to define more precisely what 
form condition (3) in the definition of the Green’s function shall take on. I will 
therefore state this condition as follows: If p,, p,, --- are any set of points 
lying within 7 and having as their only limiting point (Hiiufungsstelle) the point 
A: if, moreover, the value of w in p, be denoted by wu, , then 


= 0. 

Proof of the Existence Theovem.t~—We will first assume for the sake of sim- 
plicity that 7’ lies wholly in the finite region of the plane. Let the plane be 
divided into equal squares, 2~" on a side, by means of the axes of « and y and 
lines drawn parallel to these axes. When n is taken sufficiently large, some of 
these squares will lie wholly within 7. Let C be such a square and denote by 
C’, the largest simply connected region that can be formed out of C’ and other 


A suitable set for present purposes is one of which I have made frequent use ; cf. American 
Journal of Mathematics, vol. 19, 1897, p. 167; Cambridge Colloquium, Bulletin of the 
American Mathematical Society, ser. 2, vol. 5, 1898: Lecture VI, p. 82. 

+ The method used in this proof is in substance the same as the one given by POINCARE in his 
paper on the representation of an analytic configuration : w= f(z), by means of a pair of single 
valued functions of a parameter: z= o(f), w -v(t); Bulletin de la Société mathé- 
matique de France, vol. 11, 1833, p. 112. Cf. Cambridge Colloquium, above cited, Lectures 
II, ILL. 
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squares lying, like C’, within 7. When n increases indefinitely, any preassigned 
point of 7’ finally will be included in C,. 

Denote by uw, the Green’s function for C, having O as pole (n being taken 
large enough so that O will be an interior point of C’). Then w, is positive 
throughout C’ and increases at each point of C’ when n increases. In fact, 

a 


consider the function 


throughout C’,. This function is harmonic at every interior point of C’, and 
approaches continuous boundary values along the boundary of C’, that are some- 
times positive and never negative. Hence the function is positive throughout 
the whole interior of C,. Furthermore, w, converges toward a limit, as will 
presently be shown, when n becomes infinite, and thus by Harnack’s theorem* 
the limit « of 


Lu, =, 


is a function that satisfies at least the first two conditions that the Green’s 
function for 7 must fulfill. We shall show that w also satisfies the third 
condition and thus is the desired function. First, however, to show that w, 
actually approaches a limit. The proof for the special case we are consid- 
ering (namely, where 7’ is of finite extent) can be given at once by consider- 
ing, say, the Green’s function U for a circle with O as center and large enough 
to contain the whole region 7. For the difference 


U—u. 


is positive throughout the whole extent of C,. Thus w, , always increasing with 
n, never exceeds U’ and hence approaches a limit at a single point, say, of C’, so 
that HARNACK’s theorem is now applicable. 

This mode of proof is typical for the general case, but it is necessary to use a 
more complicated function UL’ to establish the convergence. Such a function we 
will now introduce, choosing it at once in such a way that it can be used to 
show that the limiting function w satisfies condition (3) too. *° 

Let «a, b, ¢ be any three points of the plane of the complex variable z, and let 
the plane be cut from a to ¢ along the are abe of the circle passing through 
these three points. Then the plane, thus bounded, can be mapped conform- 
ally on a quadrilateral of a second plane (the w-plane), this quadrilateral being 
formed by a triangle whose sides are ares of circles tangent to each other at the 


* Harnack’s theorem asserts that if a function uw, is harmonic throughout a region 7 for all 
values of n= m and if u, increases at ajl points of the region when n increases ; if furthermore 
at one single interior point of T wu, approaches a limit when n becomes infinite, then u, converges 
at all interior points of 7 and the Jimit u is harmonic throughout the interior of 7’. Cf. Har- 
NACK, Logarithmisches Potential, Leipzig, 1887, p. 167. 
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vertices, and an adjacent triangle formed by reflecting the first triangle in one 
of its sides. Construct now by successive reflections the complete Riemann’s 
surfaces that belong to the analytic function and its inverse, defined by the con- 
formal transformation just considered. The result is the familiar modular fig- 
ure* of the w-plane with the infinitely many-leaved surface of the z-plane having 
logarithmic branch points at a, b,c. 

Now choose at pleasure a point O in an arbitrary leaf of the z-surface distinct 
from the points a, b, c, and denote its image in the w-plane by O’. Let U’’ be 
the Green’s function for the fundamental circle of the w-figure, having its pole 
in O’, and denote the same function transferred to the z-surface, by U. U is 
then a function single-valued and harmonic on the z-surface except at the one 
point O, where it becomes logarithmically infinite ; and, moreover, UV approaches 
the value 0 when the point (x, y) approaches any one of the points a, b, ¢ along 
any path whatever, or, more generally, when (x, y) passes through the points 
of a set py Py, +++, lying at pleasure on the surface, but having as the only 
point about which they cluster one of the points a, b,c. 

Returning now to the region 7’, let us choose three points in the boundary of 
T at pleasure and denote them by a,b,c. Form the function U just defined 
for these three points and for the point O already selected as the pole O of U. 
Then U, regarded as a function restricted to the domain 7’, is single valued 
throughout this domain, becomes logarithmically infinite in O, and is positive 
along the whole boundary of any C’,. Hence 


and thus w, approaches a limit «= U when n becomes infinite. 

Finally, it can be shown by means of the function U that uw approaches the 
boundary value 0 when the point (a, y) approaches a, or more generally, when 
a set of points p,, p,,--- is so takenin 7’ that lim p= a, whenn=o. For 
the corresponding values of U: U,,» U,,, +++ approach 0 as their limit, and 
0-4 

Thus the proof of the existence theorem is complete in case 7’ lies wholly in 
the finite region of the plane, or what is in substance the same thing, in case there 
exist points of the plane external to 7’ and its boundary. If, however, 7’ and 
its boundary cover the complete sphere of stereographic projection, the proof 
requires a slight modification in the construction of the regions C. It will no 
longer be feasible to associate with C all the squares that lie in 7’ and form 
with Ca simply connected region, for this region might extend to infinity. It 
is sufficient, however, to confine oneself to those squares that lie wholly in 7’ and 
simultaneously in a circle with center O and radius x. 


* For an elementary discussion of the transformation and the functions thus defined cf. Cam- 
bridge Colloquium, above cited, Lecture I. 
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The proof is now complete. It can readily be shown that the function « thus 
determined is the only function satisfying the three conditions for the Green’s 
function. Thus the most general transformation that carries the interior of a 
circle over conformally into itself, no assumption being made about the boundary, 
is a linear transformation ; and hence the conformal transformation of the in- 
terior of an arbitrary simply connected region 7’ on the interior of a circle de- 
pends on three real parameters. These may be taken as the coordinates of the 
point O, of the circle into which O is transformed and the angle that the im- 
age of a specified curve through O makes with the radius of the eircle drawn 
to O,. It remains to investigate whether the boundary of 7’ (or a piece of 
it) is a Jordan curve, this boundary goes over continuously into the boundary 
of the circle. 

The theorem of this paper justifies the conclusion that the function $(/) em- 
ployed by Porncarté* may be taken as an automorphic function and makes 
probable that the analytic configuration = /'(z) may still be represented in a 
satisfactory manner by means of the parameter ¢ in the neighborhood of its 
singular points. Such a neighborhood will not, to be sure, be represented by 
the neighborhood of an interior point of the ¢-cirele. But if it turns out, as I 
hope to show later, that it is represented by the neighborhood of a parabolic 
vertex, a desirable result will have been established. 

ON THE ATLANTIC, 

June 11, 1900. 


* loc. cit. 
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“DPD” LINES ON QUADRICS* 


ALEXANDER PELL 


$1. Introduction. 


$1. The «D” lines so named by E. Cosserar 7} were considered originally 
by Darpoux.{ They are the lines drawn upon a surface in such a manner that 
the osculating sphere at every point is tangent to the surface at that point. 
From this definition Darnoux deduced their differential equation : 


3,2 S d d + Sz: d 
ds OF 


S ded 5, 


(1) 


The summations refer to the coordinates x, 7,2; Fir, y, z) = 0 being the 
equation of the surface under consideration. 
Applying this equation to the quadrie surfaces we obtain 
ying | l 


1 OF 
2 = 
(2) ( ( 


In the same memoir DarBoux showed that by using elliptic coordinates the 
variables in (2) can be separated. The equation then becomes 


du IPF —v dv 


(3) - - = — - 
(a u) (7 uv) (ec — — wv) v) — v) 


Ilere “= constant, » = constant are the equations of the lines of curvature 
of the quadric, and «, 4, ¢ are its semi-axes. 

These lines have attracted considerable attention; and ENNEPER,S Ripav- 
cour,|| and E, Cossrerat have attempted to study them upon surfaces in 
general. 

Presented to the Society at the Columbus meeting, August 25, 1899, under another title 
and in a somewhat different form. Received for publication May 11, 1900. 

tComptes Rendus, 1895. 

‘Comptes Rendus, 1871. 

,Gottinger Nachrichten, 1871. 

Comptes Rendus, 1875. 

loc. cit 
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The object of this paper is to apply the theory of elliptic functions to the in- 
tegration of the differential equation (3) given by DarBovux and to obtain an 
idea of the appearance of these lines and some of their properties. 


§$§ 2,3. “D” lines on central quadrics. 


$2. The geometrical interpretation of (2) for the case under consideration 
gives the following theorem : 

I. For any central quadric the semi-diameter, drawn parallel to a tangent 
toa D” line on that surface, is constant in length. 

Conversely, let us find the differential equation of the curves on the surface 
of a central quadric such that the semi-diameter parallel to the tangent to these 
curves is constant in length. 

We have for any central quadric, 


where w,v are the parameters of the lines of curvature, @ is the angle of the 
curve with the lines of curvature v = constant, and J) the semi-diameter parallel 
to the tangent to the curve. We suppose J constant. 
If F and G are the first fundamental coefficients of Gauss’s theory and 
Su) = — u) (BP — u) (PF 


then 
Vv) viv —u) 


G = 
’ ? 


f(u)v dv 
tanw = 
(ve) u du 


Substituting into (4) we shall have 


E 
on 


MDP 


v fin) —f(v) 
and since this equation coincides with (3) we can say: 
Il. The D” lines on central quadrics are the only lines satisfying the con- 
ditions of the theorem I, 


$3. The differential equation (3) when transformed into polar coordinates : 
r=acos¢siny, 
bsingdsiny, 


z=ccosy, 


I 


becomes 


ds’ 


(5) dy? + sin? d¢*? = 
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This equation leads easily to the theorem : 
III. The length of a portion of the central projection of the “D” line upon 
a concentric sphere of radius D is equal to the projected portion of the *D” 
line. 
$§ 4-11. “D” lines on an ellipsoid. 


§ 4. The equation (3) we write as follows : 


6) (BD? —u)du —v)dv 
2/ R(u) 
where 

= (a& — 8) (b? — 0) (2 — 0) (DP — @). 


We suppose a>b>c. To (6) we join the following two: 


du dv 
2/ 2/ R(v) 


ds 


dU, 


(7) 
— DV(u— TP) (v— D’), 


where U is a new parameter, used by WetERSTRASS; the second equation can 
be obtained from 
ds = Edu sinw + “G dv cosa, 
(DP — v)u 
sin @ = — 
DVu —v DVu — v 
$5. Let «= constant determine the confocal hyperboloid of two nappes, 
and v = constant, that of one nappe. Then 


If sin w and cos w be real we must have 
Therefore three cases present themselves : 
1 2)BP>8, 3) P< 

The first case as indicated by Darnoux gives us the circular sections of the 
ellipsoid. Theorem I gives the same result and leads to the following theorem : 

IV. Through every umbilic passes only one *D” line—the circular section 
parallel to the tangent plane at the opposite umbilic. 

§ 6. Passing over to the second case, in which J)? > b*, we see that in (6 

’ ( 


and (7) « varies from /)* to a’, v from ¢? to 6°. 
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To accomplish the inversion of the system (6) and (7) we use the substitution 
given by HALPHEN * for the case when the roots of the quartic are known. 
Put 


6. Pa = « y (SA) — 
— —e, (t) — e(1A) 
6 — (3A) y(t) — e, 
= 
y(5A) — 6, y(t) — 
(3A) e(t) — e, 


When @ varies from //* to a’, we must take ¢ purely imaginary and let it vary 
from @, to 0; when @ varies from c* to 4°, ¢—@, must be purely imaginary 
and must vary from 0 to @,; @, and @, are the half-periods of the elliptic func- 
tions introduced, the first real, the second purely imaginary. 

Let ¢, be the parameter ¢ corresponding to «; ¢, that corresponding to r. 
Then /, varies from @, to 0; ¢, from @, too, + @,. 

We can easily write : 


(iP — a*){ —b*) + ( — D*)} 
(8) = 75 — a*) ( — c*) + — (BF — > 0,7 
| — (FF — 4+ (CP — — &): <9. 
Also 
de dé 
= = /R@)=i 
dt [ y(t) dt 
Therefore 
du dy 
=> idt, idt,. 
Pu) 


On substituting the above values into (6) and integrating we have 


a(t, — }r)o(t, + JA) 


a(t, + — 


ma 


Introduce another parameter a, such that 


2ia = + 
then 


~ 


(10) | 
| =(a+ “yi. 


HALPHEN, Fonclions Elliptiques, vol. 1, p. 131. 
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Put also o/(12) 


Then (9) can be reduced to 


$7. We shall use this equatign to caleulate the coordinates x, 7, z of the 
points of the “ 7” lines as uniform functions of the parameter U. 

Without going into calculations which should not trouble anyone familiar 
with elliptic functions we merely write the final results : 


a 1 1 


20,(} A) o(2Ui) 


yA)-e 


—o{2Ui— 
= . L 74\34) 
20,( 4») Ve, — e, o(2Ui) 


2Ui ‘ 
ye (3A) 
—a(2Ui—}dr)-e ): 


From (7) we obtain : 


(4A) 
1 ds 1 1 
(12) 
). 


The above expressions contain two arbitrary constants \ and ¢, . 
§ 8. The derivative /sx d(2 U7) satisties Lami’s equation : 


1 
= ‘) + — @,). 


| 

i | 
| +o(2Ui—12)-¢ 

4 
4 
i 
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$9. We have seen that ¢, and ¢, — , must be purely imaginary and vary 
between and 0. Hence ¢, —¢, = 2U i must be a complex number of the 
form : 


+ kw, + ix, 


where / is any whole number and -Y varies from 0 to + @, 7. 

Substituting this value for 2U’i in the formule (11) and distinguishing the 
cases of / even and odd we have the two following sets of expressions, in which 
A and C represent — } A and ic, A respectively : 

1) / even: 


1 e~ Cig EN + YA) + (iX — 9A) 
1 e~ GEN 4 Jd) (LX — 5A) 


Ye —e, + Td) + o(iX — Jd) 
c - o(iX 
5 ) 


1 ds + 12) — o,(iX — 


2) k odd: 


1 e~ Au iA + 5A) o(iX — 

20,( $2) o,(iX ) 
y Ye,—e, + DA) + — JA) 
b ~~ o(iX ) 


i e + Jr) — o,(iX — 
2, d) iX ) 
ds Ve,—e, (iX + Jr) — — 
D dX~ ) 


In these formule C and X are real, C’ varying from 0 to +o, and Y 
from 0 to +o, i. 


$10. It is easy to establish the following properties of these curves: 
1) At the points of intersection of these curves with the lines of curvature 


u = T°, they are orthogonal to these lines of curvature. 


| 

| 
3 
| 

| 
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2) They do not extend beyond the two branches of the lines of curvature 
u= DP. 


3) The points corresponding to the final values 0 and ,iof the parameter 
X lie upon two plane central sections tangent to the line w= J” at the 
pointsu = v=candu= v=)’, respectively. 

4) The tangents at these points are parallel to the elements of the cylinders 
touching the ellipsoid along the two plane sections. 

5) Two curves corresponding to the values C and (+ (Ao, — }»,A)/A, 
have a common point and a common tangent on one of these plane sections. 

6) Four such curves form a continuous “J” line between the two branches 
of wu = D*, having an inflectional tangent plane. 

7) The curves C = 0 have a ecuspidal point for Y = 0. 

8) Lines of curvature passing through the point of intersection of two lines 
corresponding to the same D bisect the angle between them. 

In the figure 1/Z , .W'L’ are the projections on the X Y-plane of the lines 
of curvature u= ABCEF is the D” line corresponding to C= 0; 
M'L, ML’, AA,CE, are plane sections; and A’B’ isa “ D” line corre- 
sponding to a value of J) nearly equal to b. 


$11. The third case, in which D* <b’, can be treated in exactly the same 
manner. The expressions for the codrdinates will be 


j | 
j 
B 
i M M 
\ / } \ 
BN 
\ ly / \ / 
/ 
~~ 
4 
{ 
q 
5 
4) 
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1) & even: 


1 + + €* ‘o(AX—iX) 
a a (iX ) 


y (IN LX) — — EX) 


Ye, —e, (AN + LX) + (GA — 


(IN 4 LX) — — LX) 


a o(iX ) 

y Ye,—e, + iN) + — 

=+ NS . 

20,(}2) o(iX) 
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2) k odd: 
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SUNDRY METRIC THEOREMS CONCERNING N LINES IN A PLANE* 
BY 


FRANK H. LOUD 


The point of departure for this paper is furnished by the article of Professor 
F. Mortey?} in the April number of the Transactions. For the conve- 
nience of the reader, the notation of that memoir has been as much as possible 
followed ; but it will be perceived that even where, in the opening sections of the 
present essay, the consequent resemblance to portions of the former rises to the 
point of identity of formule, the geometric meaning which underlies these is 
quite distinct, while in the later portions of the article tt has been necessary to 
tind forms of statement unlike those suited to the preceding work. 

In the last section of the article quoted (p. 184) its author points out that the 
problems to which that memoir is mainly devoted arise from an initial combi- 
nation of x lines by pairs, while a grouping by threes, fours, or higher numbers is 
possible. The present paper is concerned with the case in which the lines are 
originally grouped in threes, and has for its basic element, analogous to the in- 
tersection of two lines as treated in the former article, the center of a circle 
tangent to the three. I shall briefly indicate a new series of theorems which 
thus arises from an altered interpretation of formulz practically identical with 
those of Professor MorLEY, including analogues to his own theorems upon cen- 
ter-circles, as well as to the chain of propositions associated with the names of 
STEINER, MIQUEL, KANTOR, and CiirForD ; I shall then develop a relation by 
which the new theorems are connected with those of the foregoing case ; and finally 
I shall devote some space to the simpler aspects of the added multiplicity of forms 
resulting from that character by which the case here treated is chiefly distin- 
guished from the preceding, to wit, the assignment to each line of a definite 
direction, the reversal of which in any instance, while leaving the original con- 
figuration of » lines apparently unaffected, entirely changes the diagram of 
circles built upon it. 


$1. The system of n directed lines in a plane. 


The locus of the centers of circles tangent to two lines, when these are con- 
sidered as each described indifferently in either of two opposite directions, con- 


* Presented to the Society April 28, 1900. Received for publication April 28, 1900. 
t Oa the Metric Geometry of the Plane n-Line, Transactions of the American Mathe- 
matical Society, vol. 1, no. 2. 
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sists of the two axes of symmetry, or bisectors of the four angles at the inter- 
section ; but when we assign to each line a definite direction to the exclusion of 
the opposite, and require that a tangent circle shall be so situated that a point 
moving continuously around the latter shall, at the point of contact with a line, 
move in the direction in which that line is described, then the locus of the 
centers of such circles is reduced to a single axis. This is equidistant from the 
given lines, and will be distinguished by that property from its companion axis 


(to which alone, on the other hand, the name “ bisector of the angle” is ap- 
propriate), if we consent to regard the distances of a point of the former from 
the two given lines as agreeing in sign, while those of a point of the latter are 
opposite to one another. Given three directed lines, the three axes, thus equi- 
distant respectively from the lines of three pairs, meet in a point, the center of 
the oné circle tangent to the lines. Though this may happen to be the circle 
inscribed in the triangle, or one of the escribed circles, its center is the sole 
point equidistant from the three directed lines. Given four directed lines, it is 
an elementary theorem—included, as will be seen, under a more general propo- 
sition presently to be stated—that the quadrangle formed by the four points 
“ach equidistant from three of the lines is inscriptible in a circle. 

In expressing algebraically these elementary relations, I follow Professor 
MORLEY in using cireular covrdinates * « and y, defined by the equations 


x + iy, 

y=x—iy, 
(where x and y are the ordinary rectangular codrdinates) but it becomes conve- 
nient in this case to use as the standard equation of the right line a form differ- 
ent from that adapted to the requirements of his article. In place of 

rt 
I employ 


so that, while the convention is retained that ¢, shall denote a complex quantity 
of absolute value 1, the ¢, of this article is ¢? in the notation of the other, while 
r, is a real quantity, equal to the length of the perpendicular from the origin to 
the line. 


Then 


represents the axis equidistant from two given lines; and elimination between 
two such equations gives 


*SALMON: Higher Plane Curves, p. 7. 


| 
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2r.t, 2r,.t, 


> 
> 


as the point equidistant from three lines, each determinate in direction. 
We have here a sum of fractions closely resembling those formerly denoted * 
by the symbols «,, ete. Accordingly, let us put 
art, 


noting, for later use, that the conjugate of «a, is 


\n—1 
(—1)'-'Ta,_,, 
where 
T=tt,---t,, 
and that a, for =m is given in terms of the a’s for n = m+ 1 and ¢,,, by 
the formula: 
Then the position of the equidistant center of three lines is given by 
a, (n = 3), 
while the equation : 
“x= da,—a,t (n= 4), 


represents the circumcircle of the inscriptible quadrangle defined by four given 
directed lines. Its center and radius are 


! ! 
a, and |a,| (n= 4). 


It is immediately evident, on writing out the formule, that the algebraic argu- 
ment is here simply a repetition of that used by Professor Morey in the article 
quoted. I therefore omit it altogether, merely stating the theorems into which 
the equations are translated under the modified code of interpretation. 

I. Let there be given five right lines, each of specified direction. Any four 
of these determine a quadrangle (viz., the vertices of the latter are points in 
which the equidistant axes of pairs of lines, taken from the given four, converge 
by threes) which quadrangle is inscriptible in a circle C,, and the five circum- 
circles C, have their centers on one new circle C,. Six given directed lines, 
taken by fives, lead to six such circles C,, whose centers lie on a new circle C,; 
and so on indefinitely. 

II. Given five directed right lines, the five circles C, of Theorem I meet in 
a point N, ; and in general, given n directed right lines, the n circles C,_ 


, meet 


in a point N,. 


* loc. cit., pp. 99, 100. 
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Ill. Given six directed right lines, the six points N, of Theorem I1 lie on 
a circle O,; given seven such lines, the seven circles O,, meet in a point P, ; 
given eight such lines, the eight points P, lie on a circle O,; and so on in an 
infinite alternation of points and circles. 


The point P,., is given by 


a a 
i 
a, ad, 
= 0 5 
a a da, 
prl 2p-1 


a,—a a a a a ay 
( a 
= 
’ 
a a ad, a Gio ad, 
P pl 2p—l prt pre op 


but this circle will in the general case be replaced by a right line on condition 
that 


pri 


The algebra leading to these theorems may be found in the article of Professor 
Mokr-ey in the following sections: for Theorem I, §2; for II, §3; for III, $4. 


[The condition that O, be a right line, viz., 


is readily developed into the geometric statement that the six given lines must 
be tangents to a certain curve, parallel to the hypocycloid of fourth class (see its 
equation in SaLtmon, Higher Plane Curves, §11T, ex. 2), and it is thus shown 
that what might be inferred from the concluding section of Professor MORLEY’s 
article to be a sufficient condition for such a breaking-up is also a necessary one. 
When the given lines are tangents to such a curve, the equations leading to the 
foregoing theorems assume a high degree of simplicity, and several subordinate 
theorems are inferred without difficulty; the results, however, do not seem of 
sufficient interest to warrant an extended discussion. ] 


4 
4 

and the equation of the circle O, , is : 

2pr2 

7 

| 

a, a, ee a, 

° a a. “a j 

pt+2 ve 0 

2 

a, = 0 
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It will be observed that the number of lines, points, or circles named in any 
one of the foregoing theorems is greater by one than in the corresponding theorem 
of the preceding article. When we take account of the lines, ete., that are in- 
volved in the steps anterior to that which the theorem directly states, these num- 
bers are still further increased. 

For instance, that part of Theorem III which forms an analogue to the 
theorem of MIQueL would, if stated independently, read as follows: 

Given six directed lines, they form fifteen pairs each having an equidistant 
axis ; these axes converge by threes at twenty points, the vertices of fifteen in- 
scriptible quadrangles, whose circumceircles meet by fives in six points, and 
these points lie on a circle O,. 


§ 2. Lnter-relation between the two series of theorems. 


It is shown in $5 of the paper above cited that the MIQUEL diagram may be 
constructed in reverse order, beginning with the circle, on which five points are 
selected arbitrarily, and ending with the five lines assumed in the usual form of 
the theorem. This property also has its extension to the present case. To 
show this, it is necessary to find a set of six lines to which those deduced as 
above shall be equidistant axes ; or, algebraically, to write a self-conjugate equa- 
tion symmetrical in all but one of six ¢’s, and having a turn for the coefficient of 
v,in such a form that on the subtraction of another equation, like it save for the 
particular ¢ in which it is asymmetric, the result shall be the equation (13) of the 
memoir cited, viz. : 


2+ as, + Bs,+ as,. 


The terms in # and y of such an equation may be constructed from the de- 
scription, and it is then found possible to complete the equation. To represent 
the result, let A stand for the function 


i tt,t,t, 


A’ for the conjugate of the same, and P for the function produced when in the 
symmetrical expression 

1 t,t,t, ttt, 


every term is multiplied either by i or by 1/i according as 1 ¢, or ¢, is already a 
factor of the term. The desired equation will then be 


t, 


y — Aa — BB—A'a=0. 


H 
H 
| 
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From this subtract a like equation in which ¢, is treated as is ¢, in this; the re- 
sult divided by (¢? — ¢)i/(t,t,) is a form in which it is necessary to replace 
1/t?, 1/t, ete., by ¢,, ¢,, ete., and then the equation (13) above mentioned 
is obtained. Hence the theorem : 

IV. If acircle on which six points have been selected is made, by the con- 
struction quoted, the Miquel circle of six sets of lines, corresponding to the six 
ways of taking the given points by fives, the fifteen lines thus obtained will 
be equidistant axes to a new set of six lines. 

This theorem points directly to the inference that when we begin with six 
given directed lines, it is possible in six different ways to select five from among 
the fifteen equidistant axes belonging to the given lines in pairs, so that the 
Miquel circle of these five axes shall be identical with the circle O of the six 
given lines. 

An examination proves that this inference is true, and that the five axes to 
be selected in any case are those which arise from pairing a given line with each 
of the others in succession. For let us assume one given line Z and n others 
in a plane with it, these n being, like Z, each determinate in direction ; there 
are then » axes, each equidistant from Z and one of the given lines. First, let 
n= 3; it is then known from Theorem I, or it can be proved in a variety of ways, 
that the circumcirele of the three axes contains also the point equidistant from 
the three lines. Now add a fourth line, and in consequence a fourth equidistant 
axis; there are four such circumcircles, meeting (as is known) in a point, and 
also (as shown by STEINER) having their centers on a circle. These four are 
circumcircles, not only of triangles formed by the axes, but of quadrangles formed 
by the given lines in conjunction with LZ. There is a fifth cireumcircle, be- 
longing to the quadrangle derived from the four lines without L , but this fifth 
circle would have been grouped with three of the others had a different line 
been chosen to play the part of ZL; and, since three are sufficient to determine 
both the common point of their circumferences and the circle through their cen- 
ters, it is seen that the theorems I, II concerning the circumcireles of quad- 
rangles are a necessary consequence of the known theorems ou the cireumcircles 
of triangles. When 7 is increased to 5 and upward, the same considerations 
apply ; whence we are entitled to state the following theorem : 

V. If n lines, each fixed in direction, be given, and their equidistant axes be 
grouped in sets, those forming one set which are equidistant from a selected 
line and the other n —1 lines severally (so that, each axis being counted in two 
sets, the } n(n — 1) axes form n sets of n — 1 axes apiece), then the centercircles 
of the n sets coincide in one circle C,, the nodes of the n sets in one point N_, 
and (if n be odd) their Clifford points in one point P,, or (if n be even) their 
Clifford circles in one circle O,. 

Although this theorem seems to merge the subject-matter of the present 


| 
3 
la 
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article in that of the preceding, rendering a separate examination unnecessary, 
. save as an amplification of the field already explored, this is true only as regards 
the class of properties thus far discussed. I turn, accordingly, to other aspects 
which require an independent treatment; namely, those depending upon the ef- 
fect of reversing the direction in which a given line has been assumed to be 
described. 


§3. Reversal of the direction of the given lines. 


When the second line of the pair : 


y 
at, —2r, + =0, wt, —2r,+—-=0 
t, 
is reversed in direction, the corresponding parenthesis in the equation of their 
equidistant axis changes sign from — to + , producing 


+ 2) = 0; 
‘ 2 


whence the effect of the reversal will be expressed in the resulting formule by 
change of sign of r, and ¢,. It will be convenient to assume in the case of x 
lines having one line reversed, that this line is the n-th; and the modified values 
of the constants, obtained by changing 7, and ¢, to — 7, and — ¢,, will be denoted 
by the mark * , thus, @,. Then the relations of these constants to those ap- 


pertaining to the original directions of the lines is given by 


G,— =, + 


each member of the equation representing the value of a, for the n—1 un- 
reversed lines. 

Two circles C’, (see Theorem I) derived on the respective suppositions that 
the n-th line is not reversed, and that it is reversed, have the equations : 


r=a,—a, r= a, 


These coincide at the point which, while the number of lines was only xn —1, 
was designated as «,, now called indifferently 


a, — af, or a, + 
Their angle at this intersection is that of the strokes extending from their re- 
spective centers; hence it is the amplitude of 


— at a, 


at, a, 


To obtain this amplitude separate from the ratio of absolute values, we divide 
this expression by its conjugate, and take the square root of the result. Now 


| ‘ 
| 
| | 
| 
} 
4 
| 
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the conjugate of a, is(—1)'~'Zu,_, , but that of @,is(—1)'-*77,_,; whence 


that of — a, 4, is a__,/@,_,; and the angle of the circles is the amplitude of 


— 


N 

This affords no simple result except in the case n = 4, when the amplitude 
derived is that of 7, viz., 5 a; and we learn that two such circles cut orthogo- 
nally. Now the circle C, is not only the first member of the series of circles 
C’., but stands in the same relation to the circles O,, viz., O,, O,, ete., and 
the inquiry is suggested whether the property of orthogonal section under the 
given conditions, though not extending beyond the first term of the former 
series, may not prove to belong to subsequent terms of the series O. This is 
found to be the fact, as follows : 


The equation of 0, 


When one line has been reversed, thus changing the signs of rv, ., and ¢,_.,, 
2pi2 
the equation of the new circle will be a similar formula which we may write 


As in the ease of the circles C,, the two circles O have a common point 
(here one of the points ?_,) which is fixed by the n — 1 unreversed lines. The 


quantity whose amplitude furnishes the angle of section is the product of 


DA, 


by the ratio of the values of ¢ corresponding, in the two circles severally, to this 
common point. These values in the former case were alike (viz., t,); here, 
though not equal to ¢,,, they are again alike, being the product of ¢,., by 
quantities dependent on the first 2» + 1 lines only. 

To show this it is necessary to rehearse briefly some of the formule of § 4 of 
Professor Mor.ey’s paper, and in quoting them a slight modification of their 
notation will adapt them to the present applications without interfering with 


reference to the original form. Let s,, s,, ---, 8 represent the sum, sum of 


| 
D, 
D,~ D, 
where ),, D,, D, are the determinants : 
a. ‘oo Gd, a, Of 
D,=': D, = : D, = | - 
A, A, 
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»xroducts by twos, ete., of m quantities, tT’, t’’, ete., upon which no restriction is at 
first placed save that the absolute value of each is unity. Then the equation 

I 1 


e=a,—a,t 

i 

f here representing a circle C’,, is one of five included in 

o== § 
v= — 4,8, 4 ’ 


in the sense that when one of the two 7’s is identified with the constant ¢,, the other 
with the variable ¢, the latter equation reduces to the preceding. A common 
point .V, of these circles is obtained by showing that one 7 may still be variable, 
though x be made constant, if the other 7 satisfy two equations into which the 
one last written is in that case resolved, viz. : 


v= a, —a,7 


(n=5). 
0=a,—a.T 
These are in the same way included in 
a, — a4, + 4,8, ( n 4 
0= a, — 4,8, a8, 
: For here, if 7” be ¢,, the equations become identical with the preceding pair, 
the latter of which shows the value which is thus imposed on 7’, viz., a, 7, , 
(n =5). The equation of O,, viz., 
r—a, a, a, a, 
am (n = 6) 
- a, a, a, 
: is a direct consequence of the last pair of equations, ¢ being put for s,= 7’ -7” 
; and therefore consisting, for the point at which this pair falls back into the 
preceding, of the product of ¢, by a,/a, (n = 5). 
This process is repeated indefinitely. The equations 
— as, + 4,8, — 4,8, ( ) 
0=a,— a8, + — m—=3 
t into which the preceding pair is expanded, will again admit of the location of 


P., by variable 7 together with a constant «, if they still hold true when 
broken up into the following three : 


0=a,—a,5,4+ 48, ( 
2 2 


0 = a,— 4,8, + 4,8, 
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The second and third of these fix upon s,, or t’r’’, the value 


a, a, 
ia, @ 

3 
(n=7); 
4 

a, 4a, 


and thus determine that in the equation of O,, where the variable ¢ is t’t''7'’’," 
the value for this variable which will designate the particular point ?, must be 
the product of +’’’ = ¢, by that value of 7’r’’ which has just been written, and 
in which the constants, being all taken for n = 7 , are independent of ¢,. And 
so in general. 

Returning now to the question of the angle at this common point, which was 
to be found as the amplitude of a quotient, we see that the factor derived from 
the ¢’s is unity, whence the amplitude depends wholly on the remaining factor 
already given, viz. : 

— DA, 
DA, 


We proceed, as before, to divide by the conjugate. The conjugates of D,, D,, 
A,, A, are respectively 


The net result of the division is — 1; whence the derived angle is the ampli- 
tude of “ — 1, viz., 37. We have accordingly the following theorem, which 
forms the basis of all that is herein obtained concerning the reversal of lines. 

VI. Uf one of 2p + 2 given lines be described successively in opposite direc- 
tions, the directions of the other 2p +1 remaining fixed, the two circles O,,., 
determined by them will cut each other orthogonally. As respects this property, 
the circle C, (where p = 1), is to be regarded as belonging to the series O. 

A circle O, ., determined by 2p + 2 directed lines has 2p + 2 circles orthog- 
onal to it, each obtained by reversing one given line: whence (p + 1) (2p + 1) 
circles will be obtained by reversing two lines, ete. The sum of these numbers 
(the coefficients of the 2p + 2 power of a binomial) is 2°”*, but because the re- 
sult of reversing a given number of the lines is the same as that of reversing the 
remaining lines without the former, this sum is to be halved ; whence the effect 
of regarding all the lines as subject to reversal is to replace the single circle 
O,,,, by 2°""' cireles. These form two sets of 2” circles each, characterized by 
the property that all circles orthogonal to any circle of one set are found in the 
other set, because any given arrangements of directions can be reached from any 
other only by an odd or else only by an even number of reversals. For example, 
when six lines are given, and each is considered as reversible in direction, they 
form fifteen pairs, each having two equidistant axes: the meeting of each axis 


| 

i 


| 
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with any one of those sixteen others which are derived from line-pairs having 
one line in common with its own pair would give (80 x 16) 2 = 240 points if all 
were distinct, but as they coincide in threes, actually eighty points, equidistant from 
three lines apiece. Each of these points is associated with the thirty-six others 
having two lines in common with it in (80 x 36)/(3! x 4) = 120 sets of four, 
lying upon as many circles C’,. The circles C’, meet by fives in points .V,; and 
of these, on a like principle of enumeration, there are ninety-six. Finally, 
those points V, lie on thirty-two circles O,, which form two sets of sixteen, 
each circle of one set finding all of the six circles orthogonal to it in the set op- 
posite to its own. 


§4. Four lines, each susceptible of reversal. 


The simplest case to which the foregoing principles can be applied—that, 
namely in which p = 1, or » , the number of given lines, is four—presents some 
features peculiar to itself. Here a circle C’, is drawn through the four points 
which are equidistant from the given lines taken in threes. There are eight 
such circles when the lines are reversed ; while the number of equidistant points 
is sixteen, since each belongs to two circles. The circles form two sets of four, 
every member of either set being orthogonal to every member of the other. It 
follows immediately that each set is a coaxial system, the pair of real points in 
which one set meets being inverse points in respect to any circle of the other 
set. An advantage is obtained if the four lines be regarded as tangents of one 
parabola, which evidently imposes no restriction upon their generality, but en- 
ables us to employ axes of codrdinates in a determinate relation to thea given 
lines. 

The equation of a tangent to a parabola is very simply obtained from the 
property that the foot of a perpendicular from the focus lies on the tangent at 
the vertex. The focus being the origin and the vertex x = }, this equation is 
Y _ 9. 


The intersections of two such tangents is 


1 
~ (1+ + 


x 
their equidistant axis is 
(1+ + 

and the point equidistant from three of them is 


1— t,t, — tt, 


tt,(1 — 


\ 
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From the last expression is derived immediately the equation of C’,, which may 
be written, 


where 


and 


If we consider the expressions for any two opposite vertices of the quadri- 
lateral formed by the given lines, for instance, 


1 1 


we observe that they satisfy the equation : 


This equation defines a complex involution in the plane, three pairs of which 
are composed of the vertices just named. Another pair is formed by the points 


1 —t,t, — t,t, — tt, 1 


Of this pair, the former, as has just been noted, is one of the points through 
which the circle C,, is passed; but it may now be shown that the latter also lies 
on that cirele. By writing «’ in place of » and solving the equation of C, for ¢, 
we obtain an expression, which will or will not be a value actually assumed by 
¢, according as its absolute value is or is not equal to unity. In writing this 
expression it is convenient to put = ¢, + ¢,+ 
and to retain oc, , etc., in the sense already stated as expressions involving four 
variables. We then have 

— 8,0, — 8,0, + 80, = 
— 8,0, — + 8,0, 
as the condition that the cirele C’, contains the specified point. To verify this 
equation it is only necessary to replace s,, s,, ete., o,, 7,, ete., by their con- 
jugates, s,s,, ete., o,0,, o,0,, ete., and it will be found that the frac- 
tion is changed into its ree h proves the It has been 
noted that two of the eight circles C’, contain the point «; hence both contain 
w’ as well, so that we can in future refer to the latter point as the second inter- 
section of these cireles. On the other hand, there are four points « on a circle 


C’,, and to define the partner circle of C, in the involution it is necessary to 


1 

| 

4 
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use no more than three points 2 ; hence it is apparent that C’, is its own part- 
ner, or a double circle of the involution. 

But a double circle either contains the two double points of the involution or 
else they are inverse in respect to it; whence we come again upon the arrange- 
ment of the eight circles C, in two coaxial systems, and learn beside that the 
expression for the two points in which the four circles of one system meet is 


1 1 
148)’ 


The center of the involution, midway between these, is the origin, i. e., the 
focus of the tangent parabola, as is directly evident from the equation : 


By the aid of this equation all lines and circles of the plane are mapped into 
their partner circles. The twelve equidistant axes meeting by threes in points 
where the circles C, meet by pairs, are represented by as many circles, passing 
by threes through the second intersections of the same pairs of circles, passing 
also through the origin, and passing moreover by orthogonal pairs through 
vertices of the given quadrilateral opposite to those in which their partner axes 
cross at right angles. 

The foregoing results relating to the general quadrilateral may be summed up 
as follows : 

VII. Given any four lines, there pass through their six intersections twelve 
lines (axes) each equidistant from two of the original four, and these twelve 
converge by threes in sixteen points. Through these points pass eight circles, 
Sour of which form a coaxial system through two real points, while the other 
Sour form a second coaxial system orthogonal to the first. The intersection of 
the two lines of centers is the focus of the parabola touching the four given 
lines. The sixteen points above mentioned lie by fours on these circles, each 
point having two circles through it, and the remaining intersections of the 
same circles constitute a second set of sixteen points. These lie by fours on 
twelve other circles, each point having three of these circles through it, while 
the twelve circles all pass through the focus of the parabola and meet orthog- 
onally in pairs at the six intersections of the given lines. 

The case of four given lines is also susceptible of a different method of treat- 
ment leading to another configuration of circles. The proof is embraced in the 
general discussion in the next section; but the result for four lines only is 
considered worth stating separately, on account of its simplicity. 

VIII. Jf to three of any four given lines perpendiculars be drawn at the 
points where they respectively meet the fourth, the circumcircles of the two homolo- 
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aut’ = 
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gous triangles thus formed cut orthogonally, and the center of homology is one 
of the two points of section. The other point of section remains unchanged 
when a different line of the given four is used as an axis of homology, and 


is therefore common to all the circles of four orthogonal pairs.* 


$5. Any even number of lines, each reversible. 


The theorem VIII just stated for four lines may be generalized, and found to 
hold good for any higher even number. For this purpose the following lemma 
will be found serviceable. 

Lemma. Jf a rectangle ABCD have a vertex A at a fixed point, which is 
a (p—1)-fold point of a curve Q of p-th order, another vertex B upon the curve 
Q, a third C upon a fixed right line GH, which cuts Q at a point & and is 
at right angles with AG , then the locus of the fourth verter D is a new curve 
of p-th order, having a (p —1)-fold point at A and an ordinary point at G. 

While circular codrdinates might be employed in the proof of this proposi- 
tion, they present no advantage over the ordinary Cartesian codrdinates, and the 
demonstration is accordingly indicated in terms of the latter, designated as 
xandy. If A be taken as origin, and AG as axis of abscissas, the equation 
of ( may be written 


a,x’ + pa,x’—"y + }p(p—1)a,x’~*y? + + 
— +(p — 1)b.x’-*y (p—l1 xy’? + y~"] = 0. 


The fixed line G// and the moving line AP have respectively the equations 
x =), a, and y = mx. 

The coordinates of B, the equation of BC, and codrdinates of C are now 
readily formed, and the equation of CD written as parallel to AB. Then the 
locus of J) follows by eliminating m between the last equation and that of AD, 
Viz., m= —XY. 

It is 

— paxy’-! a x”) 


— a,y [ (p 1)b,y’-? 1)\(p—- 2) +... 


The application to the present discussion comes through the theorem proved 
by CLirForD at the end of his memoir, Synthetic Proof of Miquel’s Theorem 
Mathematical Papers, p. 38), whence it appears that a curve suchas Q is the 
pers, ’ I 


It can be proved that the four points, which successively become centers of homology when 
the given lines in turn are used as axes, are also situated upon a ninth circle through the com- 
mon point of the foregoing eight ; but the demonstration of this, not being included in the 
general discussion of the following section, is omitted for the sake of brevity. 


1 
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pedal of a p-fold parabola with regard to its focus: so that the lines BC’ and 
CD above are tangents to two p-fold parabolas having in common a fixed tan- 
gent GH, upon which the moving tangents meet at right angles; and it is 
seen that two such parabolic curves have a common focus A . 

Now let there be given 2» + 2 lines, from which one line Z is arbitrarily 
selected and its direction assigned. At the point in which Z is met by A’, any 
one of the remaining 27 + 1, let us suppose that an auxiliary directed line is 
drawn, so that Z and this auxiliary shall have A’ as their equidistant axis, a 
construction which obviously demands only the doubling of a given angle. Then 
the circle O,,,, of the set made up from Z and the 2p + 1 auxiliary lines is 
the same as the Clifford circle of the remaining given lines [Theorem V]. To 
each of the latter let a perpendicular be drawn at the point at which it meets Z. 
These perpendiculars make up a new set of equidistant axes resulting from the 
former set by the reversal of the line Z ; consequently that cirele O,,., which is 
identical with the Clifford circle of this set meets the former circle G., , at right 
angles [Theorem VI]. The point ?,., belonging to the auxiliary lines taken 
by themselves is the same for one circle O as for the other, since these lines are 
all unreversed; consequently it forms one of the points of section of these two 
circles. Further, it is proved by CLIFFORD, in the memoir cited, that the Clifford 
circle of the 2p + 1 given lines, Z omitted, passes through the focus of the p- 
fold parabola which touches all the given lines. For the same reason, the Clifford 
circle of the 2p + 1 perpendiculars passes through the focus of a second p-fold 
parabola, touching the perpendiculars and 1. But these two p-fold parabolas, 
as we have inferred from the lemma, have a common focus. This foeus, then, 
is the second point of section of the two circles. (It cannot be identical with 
the first, since its position depends upon L, while that of the former, ?,,.,, 
did not.) If now all the given lines be made to assume successively the part 
hitherto assigned to 1, we have 2p + 2 pairs of circles O intersecting orthog- 
onally, and one of their points of section, the focus of the p-fold parabola 
touched by all, is the same for all the pairs. 

The foregoing argument applies to all values of p, but it may be remarked 
that in the case p = 1, the curve Q of the lemma becomes the general right 
line, not passing through A at all; when p = 2, Q is a conic and A an ordi- 
nary point of it; for higher values A is a multiple point as described. 

The result now obtained accordingly includes Theorem VIII as a special case, 
and (dropping from the statement the auxiliary lines) may be summarized as 
follows : 

IX. Jf all but one of an even number of given lines be turned, each through 
a right angle, about the point at which it meets the one remaining line, and if 
the Clifford circles be constructed for these rotated lines in both their original 
position and that to which they are turned, these circles intersect orthogonally. 
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By making each line in succession the one upon which the others are turned, as 


many orthogonal pairs of circles are obtained as there are given lines, and all 


these circles pass through a common point, which is the focus of the p-fold 
parabola tangent to all the given lines. 


HAVERFORD COLLEGE, 
April, 1900. 
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AN APPLICATION OF GROUP THEORY TO HYDRODYNAMICS* 


BE. J. WILCZYNSKI 


It has been observed by Sopnus Lie that the stationary motion of a fluid 
can serve as a perfect picture of a one-parameter group in three variables. So 
far as I know, neither he nor any of his followers utilized this fact for the pur- 
poses of hydrodynamics. It is the purpose of the present paper to do this. One 
of the advantages gained for hydrodynamics by this standpoint lies in the general 
conception. But another advantage is, as is always the case when a class of 
problems is investigated from a new standpoint, that from the group-theoretical 
point of view, certain special cases are of exceptional interest, simplicity, and im- 
portance, cases which otherwise would appear difficult and unpromising. 


$1. Relution between the steady motion of a fluid aud the theory 
of one-parameter groups. 
From the definition of the steady flow of a fluid, and Lte’s conception of a one- 
parameter group, the following theorems will be seen to be true. 
1. Let x, y, zbe the Cartesian cobrdinates of any point of the fluid at the 
time t, and let a, b, © be the codrdinates of the same material point at the 
timet=0. If 


(1) ya (a, b,¢; 2), 


are the equations which describe the steady motion of any point of the fluid, 
they are also the finite equations of a one-parameter group, the parameter 
being 

2. Conversely, if equations (1) ure the equations of a one-parameter group, 
they can also be interpreted as describing the steady flow of a fluid. 

We shall be mainly concerned with the second theorem. Let 
of of of 


(2) Kf=u 
ey Ue 

be the infinitesimal transformation of a one-parameter group G, where uw, v, 

wm are arbitrary functions of #, y, z. The finite equations of the group are 

found by integrating 


* Presented to the Society (Chicago) December 29, 1899, under aslightly different title. Re- 
ceived for publication January 13, 1900. 
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; dx dy dz 

(3) dt Ys 2), Ys %)s dt =w(r, ¥, z), 

with the condition x= a, y=b, z=c fort=0, if a, b, c are the variables 


which are transformed into w, y, z by the operations of the group. Thus uw, 
v, w are the values of the velocity-components at the point «, y, 2. 

Let Y, 1”, Z denote the components of the force acting upon the unit of 
mass, » the pressure, and p the density at the point »,y,2. Then EvLer’s 


equations assume the form: 
1 cp 


1 dp K 1 dp 
p ox 


p oy p ox 


(4) Ku = — Kv=V 


and the equation of continuity becomes : 


ov ow 
=O 


ou 
(4a) Kp +0(5 


Moreover p and p are connected by an equation : 
(4)) p= (ep); 


where the nature of the function f(p) depends upon the character of the fluid 
considered. 

Suppose that u,v, are arbitrarily assigned functions of «,y,2. Then 
by integrating (3) we get x, y , z asfunctionsof a,b,¢,and¢t. The equations 
(1), thus found, represent any one-parameter group G in space. We can find 
the physical conditions corresponding to every group G. First p may be found 
by integrating (4a). The simplest way to do this is to consider p as a function 
of a,b,c and ¢ rather than of x,y,z. For then, since the motion is steady, 
i. e., since Cp Ct = 0, Kp is simply dp dt, and therefore (4a) may be written ; 


1 dp Cu ov ow 
p dt cr Oz 
whence 
(5) a,b.e; tydt 
P= Pp, 


denotes the value of pfort=9. In the case of steady motion, p, is 


where p, 
not an arbitrary function of «, 4, ¢ over any region of space. For if it were, 
p would be the same function of «, y, z that p, is of a, b, ¢ and therefore p 
would be an arbitrary function of «, y. z which according to (4q) is obviously 
not the case. The reason for this difficulty is that although we have assumed 
explicitly that w. v, w are functions of #, 7, z alone, we have as yet made no 
explicit assumption of the same character about p, equation (5) being universally 
true whether the motion be stationary or not. 


| 
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If S be a surface, cutting all of the lines of flow once and only once, p can 
obviously be assigned arbitrary values for all points upon this surface. Of 
course S may consist of several separate pieces. When any element of the 
fluid reaches this surface, its density must then, if the motion is stationary, as- 
sume the value corresponding to that point of S. Thus and only thus can the 
motion be stationary. 

After p is obtained (40) gives p, and from (4), X, I’, Zcan be found. If 
u, v, ware real, and p, is positive, p from (5) is positive as it should be. If 
p should become negative, the fluid would tear. 

In the case of an incompressible fluid, these results would be somewhat dif- 
ferent: p is not then a function of p. We then have 


(6 Ou dv dw 0 
= 
Ox Oy Oz 


so that uw, v, w must be taken subject to this condition. The surfaces 
p = constant are made up of lines of flow, for the density of an element of an 
incompressible fluid can not change. From one line of flow to another the density 
van vary according to an arbitrary law, for (4a) has reduced to Kp = 0, which 
says only that the surfaces p = constant are invariant under all transformations 
of the group, i. e., that they are made up of lines of flow, which we have already 
assumed to be the case. Since p is not in general a function of p, in this case 
p can be assumed to be an arbitrary function of «, y, z and then Y, VY, Z 
are determined from (4). 

If the fluid is homogeneous, without being incompressible, p = constant, and 
then from (4a), since Kp = 0, we get 


4 

Cu ov ow 

0, 
Cx Cy 


i. e., although the fluid may not be incompressible, if it is homogeneous and has 
a steady motion, it moves just as an incompressible fluid of like density would. 
But if the fluid is not incompressible, p is a certain function of p, and since 
p = constant, p = constant all through the fluid. The forces Y, 3°, Z are 
again obtained from (4). 

The one-parameter group, generated by Kf, has two families of invariant 
surfaces, viz., the surfaces: 


= constant, y, z) = constant, 


where u,, “, are two independent solutions of Kf=0. The intersections of 
these surfaces are the lines of flow of the fluid. 


Like all one-parameter groups, ours can be written in the form : 


| 
— 


y, 2) = Afa, (i=1,2), We, y,2) = Wa, b,c) +t. 
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Thus all steady fluid motions can be put into this form, and every set of 
equations of this kind represents a steady fluid motion. 

It should be remarked, however, that it is not necessary that the functions Q. 
and |W should be represented by the same formula for all portions of space. 


Thus, we have more generally 


2 (2, z) = D(a, b,c) (é=1, 3), 
(8) 
Wi(e,y,2= Wia,b,e)+t (k=1,2,3,---), 


the formule with index / being valid only for a certain region 72, of space. 

Thus while the point x,y,z isin 2,, ©,, and W are used, when it is in 
f,, the next adjoining region, 2,, and IW’, are employed, ete. Of course, for 
continuity, the values of #, y, z obtained from the first set of equations must 
coincide with those found from the second set for all points upon the boundary 
between /?, and /?,, i. e., 2, y, z must be continuous functions of a, b, c, ¢. 
The same is not necessary of w, v, w, i. e., in general the direction of the 
motion will undergo a discontinuous change on the bounding surface between 
two such regions. Such discontinuities will actually occur, for instance, if we 
consider the flow of a fluid in a channel whose walls are portions of analytical 
surfaces, which meet at angles different from 180°. 

These considerations go a great way towards the solution of the general 
problem of the steady flow of a fluid in a channel bounded by any arbitrary sur- 
faces whatsoever. An infinity of equations of the form (8) can be written 
down in every case, which fulfil the boundary conditions, and which represent a 
possible fluid motion. Among all these, it will be necessary to pick out those 
which correspond to the external forces at work, i. e., which give the values to 
X, Y, Z belonging to that particular problem. 

In most cases the forces Y, 1’, Z have a potential, so that 


CL cy 


In all such cases uw, v, w cannot be chosen at will, but are subject to the 
condition, that the values of .Y, V’, Z computed from (4) can be written in 
the form (9). If we put 


(10) P= | 
P 
equations (4) become : 
“ov—P HV — P 
C4 Oz 


and therefore, if the forces A, Y, Z havea potential, 
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(12° + Kedy + Kuwdz = d( V—P) 


must be a complete differential. This is the condition which uw, v, w must 
verify in this ease, or, what amounts to the same thing, 


— K v K K K oK u oK v 
Oz cy Cx Cz vy Cx 


§2. The fluid motion expressed by the general projective group. 


We shall confine ourselves to the case in which the forces have a potential 
and we shall find that the most general ternary projective group, which can ex- 
press the steady motion of a fluid, if the forces have a potential, is a linear 
group. 

For convenience in this paragraph we shall write 7,, U, in- 
stead of #, 2, Uv, 

The most general projective infinitesimal transformation is a linear combina- 
tion of the following fifteen : 


af | 
P= 45-5 @P,= 2, D, = P. (é, 9, 


i bai 
We can write it: 
3 
(14) Kf = 
i=1 
where 
k=1 


We must find the necessary and sufficient conditions in order that 


> Ku der, 
i=1 
may be a complete differential. 


We obtain 


(16) Ku; = + + + (¢,; + )U, (§=1, 2, 3). 


k=1 


But if the forces have a potential, equations (13) of $1 must be verified, the 
first of which is 


We find 


Ou, ou 
= CU, — Cu, + + C7, + cs) 


Cu, 


Ou, 


j 
4 
4a ov, Ov, 
= 0. 
4 CL, Cr, 
+ C2, = 
. 
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Now, from (2), we find 
Ou, 


=¢, + ¢a,+ 
A=1 


Cr 


where 6, = 0 for i+ j, and 6,,= 1. 


Thus we obtain : 


Ov. ov : 

A= 


+ > + + + —(¢,.+ C8 )(Cy, + 8, 
k=1 A=1 


When this is arranged according to powers of x,, #,, 7,, the coefficient of 
each term must vanish. This gives the following equations, obtained by put- 
ting the coefficients of the quadratic terms equal to zero: 


which gives at oncec, =c,= 0. Using one of the other equations (13) $1, we 
should find c, = 0 also. 
Equating the other coefficients in (0v,/dx,) — (0v,/0x,) to zero, we get only one 
other condition, and thus we have proved the theorem : 
An arbitrary projective one-parameter group cannot represent the steady 
motion of a fluid under the influence of forces possessing a potential. To 
represent such a motion, the group must be a linear group. If 


af 
k= On; 
where 
(18) 
k=1 


is the infinitesimal transformation of this linear group, the cgefficients c,, must 
verify the three conditions : 


19 
( ) — 0, 
k=1 
— = 0, 


which necessary conditions are also sufficient. 


_ 
5 
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$3. Fluid motion expressed by the ternary linear group. 


In equations (18) we can put y,= 0 without loss of generality. For the 
motions in which y, + 0 only differ from those for which y, = 0 by a translation. 
We assume then that the origin remains fixed during the entire motion, and 
we will resume the less symmetrical but more convenient notation, x, y, z: wv, 


v, w instead of 2,3 


Uy, Let 
u=an+by+ez, 

(20) ez, 

w= ae+ by + ez. 


The components of the velocity of rotation of any element of the fluid are : 


Ow 

Ou ow 

ov Ou 

c=} = =3(4,—4,), 


so that &, 7, are the same for all points of the fluid. Hence at all points 
the axis of rotation has the same direction, and the angular velocity of rotation 
is the same, viz.: 
o= VF 47° + 
Let us take our z axis parallel to this direction. Then 
E 0 9 =@0, 
and hence, for this choice of codrdinates, 
b, = 9 = (, a, = b, 


so that we can write more simply 


- Aw+ UT — + Gz, 
(21) v= (11+ w)x + By + Fz, 
= Ga + Fy + Cz. 


If the forces have a potential, equations (19) give 
(A + Bjo= 0, Fo=0, Go=%0. 
Therefore, either o = 0, or 


A+B=0, F=0, G=90. 
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If o = 0, we have a velocity potential 
+ By + Ch + 2F yz + + 2Hry), 
so that the lines of flow are the orthogonal trajectories of the system of similar 
surfaces of the second order : 
= constant. 
In the second ease (21) reduces to 
| Av+ (H—o)y, 
(22) 4+ — Ay, 
| w= Cz. 


The motion can be decomposed into a rotation and a motion with a velocity 
potential. But it is simpler to treat it without so decomposing it. This case 
again separates into two distinct sub-cases. 
In the first sub-case, 
A? 4+ 
Then, if 
|? =+vA*+ H*—w=p, p,=—p,=-?p, 
(23) H-w A+p, 


the finite equations of the group can be written as follows : 


(24) 
where «, ¢ are the values of «, y, z fort =0. 


The surfaces : 
— = constant, — A,y)~° = constant, 


which are real or imaginary cylinders, are therefore invariant. Their real in- 
tersections are the lines of flow. a 


The function 


is also invariant. Therefore the projections of the lines of flow upon the ay 
plane are the similar conics : 


(25) P 24 
95 4 oF H! = constant, 


i. @., the lines of flow are situated upon a cylinder of the second order, whose 
elements are parallel to the z avis. 


4) 
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The physical conditions, corresponding to this motion, are obtained from the 
considerations of $1. We have, in particular, from (11), 


(26) V—p=}3[(474+ - + + + constant. 


The motion, here considered, becomes periodic if. p is purely imaginary, and 
c = 0, as may be seen by solving (24) for, y, z. The lines of flow are 
then similar ellipses in parallel planes. It can be shown that this motion is 
possible for an incompressible homogeneous fluid filling an ellipsoidal space, the 
particles attracting each other according to Newton’s law. This has been 
studied in detail by DiricuLer and DepeKtnp.* It can also be easily shown 
that the analogous result is true for an elliptic cylinder of infinite length, pro- 
vided that /7 and @ satisfy the equation : 


, +4 


+4=0, 


— 
where p is the density, and f a numerical constant, depending upon the units 


employed. If a’ and J’ are the semi-axes of the elliptic section of the cylinder 
their ratio will be obtained from the equation : 


In the second sub-case, 


H—o _ A 
- 


The finite equations of the group can be written : 


w—Ay=a—N, 


(+ @)t, z=ce". 


If we chose the plane « — Ay = 0 as «z-plane, and the plane Aw + y = 0 as yz- 
plane, the planes y = constant are invariant, and the lines of flow are the curves : 
Cz 


z = constant y= constant, 


i. €., exponential curves in these planes. 


$4. Fluid motion expressed by a linearoid group. 
Let us consider next a one-parameter group, generated by 
7, 
CL OZ 


*Crelle’s Journal, vol. 58. 
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where u= $,, 
(27) v= Vet vy t 
| w= XY Xs» 
$,, *-*, X, being functions of z only. It will be of the class called linearoid by 


me in another connection. Then, 


Ku = ($5 + + + (bb, + + + + OY; 
+ + + (Pix. + Pix + OXY » 
Ke = (9, + + + Vib. + + + Vids + 
+ + Vix + + + 
Kw = + + + + + + XM 


(28) 


where the accents denote derivatives with respect to z. 
Write this as follows: 


= Aa" + + vy? + 4+ + 27,, 
(29) Ke + + vy? + + + 27,, 
the conditions for the integrability of 
Ku-de + Kr- dy + Kw-dz, 
i. e., for the existence of a potential for the corresponding fluid motion, become : 
—w,=9, o,—v,=9, T,—o,=0, 


— = 9, o,—p,=9, 


(30) 
p, —A,=9, —p,=9, 


Hence 


— A.) = — + $x, = 9, 


(31) 
[2(, — #,) = — ¥:% + x, =9, 


so that we have two cases to distinguish, according as y, = x, = 0, or the deter- 
minant 


(82) — — + = 0. 
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Let us consider first case I, in which y, = x, = 9. Then we find from the 
definition of these quantities, 


A= = =A, = =4, =P, =7,=9, 
and from (30), 


Pi =p, =o, =9,=7,=7,=9, 


so that p,, p,, 7,5 T, are constants. 
Now since y, = x, = 9, we have 


The only further condition is ¢, = p,, whence either 


¢,+¥,=9, or 


We will first assume that ¢,+ ~,=0, and call this case Ia. Then we 
have, in this ease, 


(33) 


o=p,=90, 2p, = 20, = 2c, 


where o is a constant. Thus in case Ia the functions xy, and y, vanish, and 
between the other functions we have the relations : 


¢,+¥,=9, = 2¢ = constant, 
V9, + + = 2r, ’ 


where 7,, 7, are also constants, and where ¢,, ¢,, x, may be taken as arbi- 
trary functions of z. 
In the second case, case 1b, we have 


| 2p, = 20, = + 


where ¢, and y, may be taken to be arbitrary functions of z, and the equa- 
tions for ¢,, ,, x. are of the same form as in (34). 


whence 


(35) 


If the fluid is incompressible we have further, x, = constant in case Ia, and 


in case Ib, we find 


+ + constant, 


| 

| 

| 

| | 
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as is seen at once from the condition of incompressibility, viz. : 


C2 

We shall not at present further discuss the fluid motions thus analytically de- 
termined. The group theoretical considerations have enabled us to discover 
a considerable class of fluid motions, whose entire theory depends only on linear 
differential equations. 

Let us now carry out the corresponding investigation for case II, in which y, 
and y, do not both vanish. We have then 


(32) ($; — (26. + = 9, 


and further, as before (equations (30)) A,, #,, %,5 Ax» Hy,» ¥, are constants. 
By the definition of these quantities, we have 


| $,xX, + = 24,5 = 


(36) 
| ViXi t = WiX,= 
Therefore 
(37) VX, + AX: — = (i=1, 2), 
and hence 


where a and § denote the ratios A,:v, and 2y,:»,. 


Multiplying (32) by y?x?, and using (36) and (38), we obtain a third quad- 
ratic for x, and y,, viz.: 
(39) (4X1 — =0, 
so that also 


AZ: ma: B: 1. 


Now if we rotate the x axis through an angle 0, the form of-, v, w is not 


changed, and w becomes 


cos @— y sin + yx, (x sin 0 + y cos + x, 
= (x, cos + x, sin 0) +(— x, sin 0 + yx, cos 0) y+ x,- 
If we put 


Vv 
tan 6= 


according to (39), the coefficient of y in the transformed w will vanish. 


| — 
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We can therefore assume from the beginning, without loss of generality, that 
5 
x, =. Having already treated the case y, = x, = 9, we will now assume 


0. 
From (36) we have, in this case, 


, 2p, 
r. Qu 
ly n¢ Xi 


Since v, = 0, (30) gives 4, = 0. Therefore, if 


"dz 
=@, 
Xi 
we have, since 4, = A,, 


»= 20,6+ 8, 


where a, 8, 7, 6 denote four arbitrary constants. 


We find further , 


Therefore, from (30), we notice that p,, o,, o, are constants. Now we have, 


with the values for $,, just found, 
Qo, = + A,B + 2y)6 + By + &, 
so that A, must vanish. Then 
20, = + 4+ 9), 


so that A, must also vanish. From the definition of p,, which must be a con- 


stant, follows : 


(41) 2p, — y(a + 6) 8) 


Xi xi 
since p,=o,. Similarly we find, from p; = = 


e—a’— By 
(42) xi + 
Xi 


where ¢€ denotes another constant. 
Substituting all these values into the only two equations (30) not yet used, 
viz.: T,=o,, T, = p,, we find the following conditions for y, and x, : 


; | 
| 
| 
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(ce — a? — By) + 8(8 — (a + 8) 
(y—B)x, + 
Xi 
d 
(43) 


a(e — By) + — y\(a — 8) 


d 
x, + ds 


2 d (Xs 
— XX; = 9. 
Xi 
The fluid motion, in this case, is therefore given by the equations : 


| av + By + 


(44) | v ye + by ’ 


+ 


where a, 8, 7, 6 are constants, where y, and x, are obtained as functions of 
z by integrating (43), and where ¢, and y, are determined from (41) and (42). 
If the fluid is incompressible, we have 
ou ov ow 
iy De =< 
Ca 


le 


4, 


where 7» and @ are constants. Moreover @ can be put equal to zero, if the .y- 
plane be appropriately chosen. Substituting these values in (43), we get rela- 
tions between » and the other constants. But as will be seen from (41) and 
(42) the group in this case becomes a ternary linear one, all of the coefficients 
being constants. 
Thus Case II of this paragraph gives nothing new for incompressible fluids. 
The detailed discussion of the fluid motions here determined, as well as those 


of the preceding case, will be left for a future occasion. 
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DETERMINATION OF AN ABSTRACT SIMPLE GROUP 
OF ORDER 
HOLOEDRICALLY ISOMORPHIC WITH A CERTAIN ORTHOGONAL GROUP 
AND WITH A CERTAIN HYPERABELIAN GROUP* 
BY 
LEONARD EUGENE DICKSON 


1. Among the known simple groups} occur an orthogonal group and a hyper- 
abelian group of the same order 2’-3°-5-7. They are shown to be holoedrically 
isomorphic in this paper. We first determine in $$ 2-14 an abstract group I 
($$ 4, 2) simply isomorphie with the orthogonal group. This is accomplished 
by means of a rectangular array, a direct method of procedure employed by the 
writer in two recent papers in the Proceedings of the London Mathe- 


matical Society (vol. 31, p. 30; vol. 31, p. 351). 


S$ 2, 3. Rectangular array for the orthogonal group O,., with respect to 

the subgroup O, .. 

2. The general orthogonal group of senary linear substitutions of modulus 3 
having determinant unity has a subgroup // of index two.{ The group // has 
as maximal invariant subgroup the group of order two generated by the substi- 
tution C which changes the signs of the six indices. The quotient group is a 
simple group O, , of order 27-3°-5-7. The substitutions of // which affect 
only the indices &,, ---, &, form a simple group O, , of order 2°-3'-5 and of 
index 2-126 under J/. 

In a paper communicated December 28, 1899, to the London Mathematical 
Society, the writer has shown that O, , is simply isomorphic with the abstract 
group G generated by the operators /,, /,, /,, B,, W subject to the genera- 


tional relations : 


1) B= Wal, 


(2) (LB) = (BEY = (BEY =, 
(3) WE =B.E.E.W, WE,=B,W, WB,=B.E,W, 


* Presented to the Society (Chicago) April 14,1900. Received for publication January 15, 1900. 

t See the list of known simple groups in the Bulletin of the American Mathemat- 
ical Society for July, 1899. 

tAmerican Journal of Mathematics, vol. 21 (1899), pp. 193-256. 
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(4) WB, = 
6) WEEE. WE, = WEEE, W, 


where for brevity we have set 


(6) B,=EB EY, EE EE E?, B= Eby. 


— 3 


From the above relations we derive the following : 
(7) B,WE,= , 
(8) WE* = E*WB,, £,B,B,= BE,. 
Indeed, we have 
= E, = £,E,E,E,WE,= WB,, 
EBB, = BE? = YB E, = BE, . 


The isomorphism is defined by the following correspondences : 
(9) = (66.8), #, = 8) (68), ~ = (68). 
64+ 6— + 
(11) B,~ B,~ C,C,, B,~C,C,, B,~ C,C,, 


where C’, denotes the orthogonal substitution changing the sign of &.. 
3. The group O, , is extended to the orthogonal group /7 by the substitution 
F’ = (&€,) (€,). 


The substitutions of /7 replace &. by every one of the 2-126 = 3° + 3? linear 


functions * 

[ > aj = 1 (mod 3)|. 
i=l (=) 

It follows that all the substitutions of 7 are given by the formula 
(i=1,2,---, 2-126), 


where the 2-126 substitutions S. replace &, by the 2 - 126 distinct linear functions 
(f). In the quotient group O, ,, S, and CS, = S.C become identical. De- 
note by (i =1, ---, 126) the corresponding distinct substitutions of O, .. 


American Journal of Mathematics, |. ¢., foot of p. 195. 
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A rectangular array of the substitutions of O, , is therefore given by the formula : 
To determine the S‘, we note that the linear functions (/') are of the forms : 
+f, LE, 


Since —f is derived from f by the substitution C, we take only one of each 
J J »y 


pair +f in determining the S’. For six of the S; we may take 


, 72 , , 72 , 
(a) I, F’, ELF’, ECR’, 


which replace by —,, &,, &, &, &, & respectively. 

The substitution replaces &, by w = — &,— &,— &,. Consider the 2° 
products A’’ of an even number of the C,(i=1,.---,6). Ifa particular A’ 
replace w by @, the four substitutions A’, CAH’, C,C,A’, C,C,C, CK" re- 
place w by either @ or —w. Hence, of the 2° substitutions A’, we need only 
consider 2° representatives, as 

I, K,=CC,C,C,, 
Ki, =C,C,C,C,, K,=C,C,C,C,. 
The substitutions A’; W' #” may therefore be taken as eight of the S; , distinct 
from the above six. 

Using for the moment the notation 1234 for & + &, + &, + &,, we find that 

the substitutions 


ELE VF’, £, E EVE F’, EVE, 
respectively replace 1234 by 1234, 1235, 1245, 2345, 1345, 2346, 1346, 1246, 
1236, 1356, 2456, 1256, 2356, 3456, 1456, giving each of the 15 combinations 
of 1, 2, 3, 4, 5, 6 four at a time. 

It follows that we may take as our 126 substitutions S’ the six substitutions 


(b) 


(a) and the 120 obtained by multiplying the 16 substitutions (4) on the right 
hand by A) (j= 1,2, ---, 8). We have therefore explained the origin 
of the table given in $7. Indeed, from that table we obtain a rectangular array 
for O, , by replacing the group G by O, , and accenting all the letters. 


$$ 4-14. Determination of the abstract group T. 
4. Consider the abstract group [’ obtained by the extension of G by an oper- 
ator F’ subject to the relations: 
(12) F°=1, 
(13) BF = FB,B,, 


Trans. Am. Math. Soc. 24 
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(14) = FE*E,, 
(15) E.E.F = FE.E,, 

(16) WFWF =FWFW, 

(17) WV=VW, 
(18) FW°B,B,FE,WE,FWF = B,E,WE,. 


We readily verify that the generators Bi, W’, of O,., 
satisfy the relations (12) ---(18).* Note that V~V’ = (&€,)(&€,). The 
order of T’ is therefore at least as great as the order of O, ,. To complete the 
proof of their simple isomorphism it remains only to prove that the order of T° 


is at most as great as the order of O, ,. 
5. From the relations (1), ---, (8), (12), ---, (18), we proceed to derive a 
number of relations needed below. From (14) and (15) we find 
(19) F = FEE, E°E, = FE,E,. 
Taking the reciprocal of (19) and multiplying on the right and left by 7, we get 
(20) = = EE,F . 
From (20) we find 
(21) Ei = - 
From (12) and (14) we get 
(22) FE FE,F=FE = FE,FE FEE, = E°E,E,. 
From (12) and (7) we find 
E,E,E FE, E,E,= PE VF: E,E,= 
= E = EE = 
FE E,E,. 
V = = I. 
Taking the reciprocal of (13) and applying Bf = 1, = B,B,, we find 
FB, = BL BF = B,: FB,B,= BFBB,: 
(25) BF = 


*In regard to the relation corresponding to (18) it should be remarked that for orthogonal 
substitutions there occurs an additional factor C in one member. 
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Transforming (13) by #,/,, which by (15) transforms F into itself, we get 
(26) BL BLF = FB,B,B,. 
By (18), B,B,F = B,FB,B,. UHence from (26) we find 
(27) = FB,. 
Applying (1), (2), (6), (8) and (14), we find * 
BF = = B,B,B,FE‘E,, 
FB,B,= FE*E,B,B,= 
Equating these products by virtue of (13), we find 
(28) = FB,B,B,. 
Combining (28) with (26) and (28) with (25), we find respectively 
(29) BF = FB,B,, 
(30) = FB,B,. 


Hence F' transforms any product formed from B,, B,, B,, B, into another 
such product. 


6. Corresponding to the orthogonal substitutions A’; defined by formule (/) 
of $ 3, we have the following operators of IT’: 


K, = B,, K,=B,B,, K,=B,B,B,, 
h,= BB,B,B,, K,=B,B,B,, K,=B,B,, K,=B,B,B,. 


Any product derived from F,, £,, /,, B, transforms any product derived 

from B,, B,, B,, B, into a product of the B,, a statement made evident by 

considering the corresponding substitutions of the isomorphic group O, ,. In 

virtue of the theorem at the end of § 5, a like result holds when the trans- 

former is any operator (for example, V) derived from F,, B,. 
Since B,B,W = WB,B,, we have on applying (80), 


B,B,WFG = WFB,B,B,B,G =WFG. 


Hence the products B WF'G , where PB runs through the 16 distinct products 
of the B,, B,, B,, B,, reduce to the eight distinct products A,WFG 
(j=1, ---, 8). For example, B, WFG = K,WFG. 


* In establishing identities between operators of G it is frequently simpler to work with the 
corresponding substitutions of the simply isomorphic group O,,, . 
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7. Consider the following set of operators belonging to T’: 


Rk, =FG R, =E,FG 


FG R, =E,E?FG R, =E,E,E?FG 
R,, =E,K,WFG R, =E,E,.KWFG 


Ry R,, = 


where j=1, 2, ---, 8. 

From the developments given below it will follow that this table is a rectangu- 
lar array of the operators of the abstract group [' with G as first row and 
therefore that [' is holoedrically isomorphic with O, ,. Indeed, in §§ 10-14, 
we prove that the 126 rows of our table are merely permuted amongst them- 
selves on applying as a left hand multiplier any of the generators 2, £,, F’,. 
B,, W, and therefore for an arbitrary operator of Since the row 7, 
contains the identity, it will follow that an arbitrary operator of [ belongs to 
the above table. The order of I is thus not greater than that of O, ,. 


8. Lemma I.—The rows Rh, (j=1, ---, 8) are merely permuted upon 
applying as a left hand multiplier either E. 


, or 
= EA,WPG = E,WPG = PG 
=A, 
= WEG = WFETE,G = R,,. 
EV = = K,WFG, 
by the preceding results. Hence 
ER, = = kK WFG= 
9. Lemma II.— The rows R,, are permuted upon applying as a left hand 
multiplier the operator V defined by (17). 
VR, = = [by 6] 
= K,WVFG = K,WFE,E°E,E E, [by (17)] 
=K,WFG= 
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10. Theorem.— The application of EF, as a left hand multiplier permutes the 
126 roves. 

By inspection we see that /, interchanges 72, with R,, 2, with ,, 2, with 
with R,, R, with with with Furthermore, 
ER, = £,E,E,E? FG = £,E,E,E°FG = FG 

= EEE? FE,E,G = £,E,E\FG = R, [by use of (15)]. 
upon applying lemma I to replace 72, by 2,,. 
The condition for the identity £,2,,,= 2,,, is 
= WIG, 
which is satisfied in virtue of lemma II. 
Likewise, the condition for the identity 2,2,, = L,,, is 
(LEE FP) WFG = 
which is satisfied by lemma II since we have 


EE EEF = FE EVE EEF = V. 


11. Theorem.— The application of E.,as aleft hand multiplier permutes the 
126 rows. 
By inspection /, interchanges 72, with with 2, with 
with L,,.. 
E.R, = E,FG = = = R, [by (21)]. 
ER, = = FG = = FG = h,. 


= = E,E,K,WFG = R, [by lemma I]. 


BR = BE EEK WIG = WEG 
= = R,, [by lemma I}. 
= BEER WEG = 
= = f,,,, 
upon applying (14) and lemma I. 
The condition for the identity = is 


| 
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and it is satisfied in virtue of lemma II since 
FE, E,E,E,E?F = = = V. 
E,R,,, = = 
= E,EFK,WFG [by lemma I and (14)] 
= E,E°E,FK,WFG = R,,,. 


The condition for the identity E,2,,, = L,,, is 


(EE, EF) = K,WPG, 
and it is satisfied by lemmas I and II since we have 
= 
= FE,E,E,E,E,E,F = 
= FE, EB = FE = . 
12. Theorem.— The application of F as a left hand multiplier permutes the 
126 rows. 
FR, = R,. 
FR, = 
FR, = FE,FG = R, [by (22)]. 
FR, = FG = E,FE FG [by (14)] 
= PE‘G = [by (12)] 
= = E,E\FE,G =, [by (14)]. 
FR, = FE,E,E°FG = £,E,FE, FG [by (21)] 
= FR, = = = R,. 
FR, = FEA, WEG = [by (21)] 
= FR WIG = [by lemma I}. 
The condition = or 
is satistied by lemma II, since we have, by (20), 
FE,E,E? PEE, = EE, EVE,F = =V. 
FR, = = = R 


? 


a! 
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since by (14) and (15) we have 
FE?E,E, = E,E,FE, = E,E,: E,E,. FE; = E,E,FE; . 
The condition for the identity F2,, = 2,, is satisfied by lemmas I and IT: 
(EZ, = E,VK,WFG=4,WFG [by (23). 
FR, = FE,PR,WFG = [by (22)] 


= E?FK,WFG = Rk, [by lemma I}. 
FR, = FK,WFG = = 
FE,E?F = E?E,FE,F = Ei FE; 
= =. E,E\FE,E,: 
FR,,, = FE,FK,WFG = = 
since 
FE,F = FE,£,: = E,E,: = E,E{FE, = E,E,FE, 
The condition for the identity F?,,, = 2,.,, viz., 
FEE )K,WEG = 
is seen to be satisfied in virtue of lemmas I and II as follows: 
FE,E,E,FE,E°E,F = = E,: FE(E,E,: 
= [by (22)] 
= FE,E°E,E,E,F = E,V. 
13. By (21), is expressed as a product of the Hence by 
$§ 10-12, FL, permutes the 126 rows when applied as a left hand multiplier. 
From the following relations given under formule (8), (2), (13) above, 


B,E,= E,B,B,, B,F,=E,B,, B,E,=§E,B,, BF=B,B,, 


and from the remarks in $6 concerning the A,(j =1, ---, 8), it follows that 
B, applied as a left hand multiplier permutes the 126 rows. Then by (6) a 
like result holds for B,, 2, and B,. 


14. Theorem.— The application of W as a left hand multiplier permutes 
the 126 rows. 
WR, = R,. 
WR, = WhG= 


WR, = WE,FG = B,WFG = B,WB,BFG = K,WFG = R,. 
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= WEFG= IG =A WIG = 
[by lemma I}. 

WE = ELE WE FG = BEE, WIG 
= = = K,WIG = 


i 
The condition for the identity WR, = R, is that 
shall belong to G. We shall verify that it equals 2, L,L,2,WE,E,E,E?. 
The condition for this equality may be written 
By (23), the left member is equal to 
E,E, VWE,VE,= £,£,WVE,VE, [by (17)] 
= ELE, WE'E,= W [by (24) and (7)]. 


Each row 72, is of the form AA, WEG, where A denotes a product built 
from F. But £,, each transform A’, into some A’, a 
statement made evident by considering the isomorphic orthogonal substitutions. 


Furthermore, by $6, /’ transforms A’ into some A’,. Hence each row ?, 
may be given the form ALA WFG. 


In virtue of the following relations between orthogonal substitutions, 
W'C,C,=C,C E,W’, W' VE, W’ , 
Wo CW", WwW" 
we have in the isomorphic group G the general relation 
WA, = AAW 
where A’ is derived from /, and £,. Hence 
WR 


But, by $$ 10 and 13, A, or A’ when applied as left hand multiplier permutes 
Wy 


the 126 rows. Hence it remains only to prove that 4V (and hence also J’ ~') 
permutes the rows 2, = A W#'G when applied as a left hand multiplier. 
WR, SWeRG = BB BB WL BB BERG = WEG 

= A,WFG = 


WR, =WFEWFG = FWFWG = FWFG=R, [by (16)]. 
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The condition for the identity W2?,, = /2,, is that the operator 
shall belong to G. To it corresponds in the orthogonal group a substitution 
which corresponds to 
S = BBE 
We proceed to prove that in the abstract group [ : 


FSF =W?KE,E,WE,W=T,. 


Now 
FSF = 
= BE E,E,E,V E,W°E,E,E [by (23)] 
= BE EE, VW°E°E,:- [by (24) and (7)] 
= BE EE [by (17) and (23)] 
= BE E,E,W°E,E,E FEE F 
= EF, = T, [by (15)]. 
It remains to prove that the products denoted by 7, and 7, are equal. Each 
belongs to the group G ; they will therefore be identical if the corresponding or- 


thogonal substitutions are identical. But to both 7, and 7, there corresponds 


the same orthogonal substitution, viz., 


—§,—§ + &, + &.. 


The condition for the identity W2,,, = /,, . is that the product 


(LEB 
shall belong to G. It is satisfied in virtue of relation (18). 
In view of the following relations derived from (3) and (8), 
WE,=BW, WE, =B,E,E,W, = 
WR,,, WR, 


, and are each of the form 


DWE,WFG = DWR,, = DR,,, 


where is derived from B,, Also WR.,, WR,,, Wi, , are each 
of the form 


DWFWFG = DWR,, = DR,,. 


€ 
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Finally, the products WR, , (i = 11, 12, 13, 14, 15) are each of the form 


DWE,FWFG=DWR,,=DR 


107° 


By the results of $§10 and 13, each of the products DR,,, DR,,, DR; 


equals some row /?; or 


$$ 15-17. Isomorphism and correspondence of generators between the orthog- 
onal and hyperabelian groups. 


15. The simple group /7, , of order 25920, which is derived from the decom- 
position of the Abelian group of modulus 3 on four indices, is simply isomorphic 
with the simple subgroup O, , of the quinary orthogonal group of modulus 3. * 
We proceed to determine the operators of the former group which correspond to 
the generators C,C,, of thelatter. We first determine the 
operators of O, , which correspond to the generators + B,, B,,. B,, B,, B,, 
B of H, , given on pages 65 and 67 of volume 31 of the Proceedings of 
the London Mathematical Society. Of the two possible forms for /, 
we choose that one given by y, = 1 (mod 3), viz., 


By the general correspondence set up in $5 of the paper cited in the foot-note, 
we find that B corresponds to the substitution 


1 
0 
0 
0 
0 


leaving invariant modulo 3 the function 


f+ 


*Transactions of the American Mathematical Society, vol. 1, p. 95. 
+ The substitutions 2; enter 715 alone and are to be distinguished from the earlier P;. 
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We introduce the new indices 


(32) 
Then 
(mod 3). 
Solving modulo 3 the relations (32), we find 
= §,— P,, = + &,— §,. 


Expressing in terms of the new indices £. the substitution (31) to which P cor- 
responds, we obtain the result : 


(33) B = 

Proceeding similarly with the substitutions B,, ---, B,, we find that 
(34) B,~ B = 0,0, 
(35) B,~ BL = 

(36) B,~ B; » 


(88) B= 


where the substitutions , 2B; are in matricular notation 


0-1 0 0 tag 


We proceed next to express the generators E,, C C,, of the 
orthogonal group O, , in terms of ---, which correspond to the 


generators of 7, .. 
= BBB B,, BBB WBOW'B’, E,= BW’, 
=BW BW E,, B’B.B EC,C,C,C, 
= C,C,= C,C,= 
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The corresponding Abelian substitutions have corresponding relations. The 
] 
substitutions W7=W-'; C,C,, OC,, C,C,, 


U’,C,, are found to be the following : 


0 


These calculations have been checked in several ways. 


16. TuHeorem.—// the hyperabelian group HA, 2 be isomorphic with the 
orthogonal group O, , in such a manner that the correspondences of $15 
hold between the operators of their respective subgroups H, ,and O,.,, then 
the substitution of the group ITA, 25 


0 I 
0 0 


(0 


1 0 1 1 
1 1 1 0 batan 
1 | 1 1 1 
1 0 1} '}—1—1 0 1} 
| 1 0 O-1 1 0 cas 0 1 1 0 
2-1 1 1) | O-1 1 | 1 0 0 
| } | 
4 0 O-1 0 0-1)! | _ 
4 
; O 1, 1 0 90 | 0 
0 OF 0 ian 0 1] 
0 0) | 0 0 1 0 0 0 1 1! 
0 0 O-1 0 0) 
| 1 1 0 0O| 
0-1 0 0 0-1-1) 
| | 
1 0 8 0 0 O-1 
| 
0 0 | 
0 
(39) l= 
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in which the mark I is a suitably chosen root of the congruence 
(mod 3), 
must correspond to the substitution C,C(E,E,\(E,€,) which extends O, , to O, .. 
In the quotient group /7A, », every hyperabelian substitution multiplying all 
four indices by the same factor corresponds to the identity, viz., the powers of 
0 0 


i 
(40) 


where we have set 
(41) (mod 3). 


Then since 7* = 1, one has easily 


(42) 


so that J is of period four. We readily verify the following relations : 
(43) 


Suppose that O, , contains a substitution 7’ which combines with the gen- 


3 
erators EK), C,C,, W’ of according to the same laws by which 
I combines with C,C,, W of H,,. Assume for J’ the most 


general form possible, viz., 


the simultaneous change of sign of every coefficient leaving 7’ unchanged. 
In virtue of the relation corresponding to (42), viz., 


we find that 


0 i 0| 
| Gy Ug 
‘ a, a,, eee a,,. 
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26 


According to the sign +, we find for 7’, J’ the respective values : 


0 


By the relation corresponding to the first relation (43), 7’ must be commuta- 
tive with C,C,. We find in consequence for Z’ , J’ the values: 
a, 90 0 0 


0 0 0 


0 
0 
0 


| 
| 
| 


0 
0 
0 
0 


bed 


The resulting substitution 7’ does not satisfy the relation corresponding to (43), 


And J" satisfies it if and only if a,,=0. 


and is therefore excluded. 
But the relation : 


The relation /'C,C, = C, cor is then satisfied by 7’. 
’0,0,= 
requires that a,,=a,,=Q0in J’. The relations: 


=C,CI", 
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| 
| 
(a, 0 0 a,, 0 O 0 0 0 | 
| 
| 0 0) a, a, a, | | 0 ~ & & ! 
10 — 4,, 0 a, 0 | | 0 0 | 
| _+ | | . 
| 0 —a,, —a,, 0 a, 9 0 a, a, a, a, O | 
—a,—a,—a, 0 | 0 a, 4 | 
\ | 
0 0 0 O a,j O | 
a,,, 0 0 a, 0 | 
0 0 0 | 0 0 a a 0 0 
0 | 0 0 a, a, 0 0 | 
— a,, 0 0 | | 0 a,,. 0 0 a. 0 | 
9 0 | 0 0 0 0 0} 
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require in succession that a,,=a,,, a,,= —a,,. Evidently a,, = 0, so that 
a,, = +1(mod 3). By suitable choice of the sign + in front of the matrix 
for 7’, we may take a,, = +1. Setting, for brevity, a,, = y, we have 

0 0 0 0 


Hence, according as y = +1, we have 
5 Y 


But, by (39), 
0 


Po 

0 0 

0 0 ro 
0 


0 


0 


is derived from J by replacing 7 by Z*. But J is defined as one root of the 
irreducible congruence : 
I*=I+1 (mod 8), 

whose second root is /*. Hence, by a proper choice of notation for the root 7, 
we may set 

= = O10, . 
Hence 

F’ = . 


It follows that to /’’ must correspond the hyperabelian substitution 


0 


OCIK,E = 


| 
0 0 0 0 0 
| 0 0 Y 0 0 0 | 
0 0 0 0 Y 0 
0 0 0 0 
| 
| 
if 0) 
(44 
| 
0 
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17. THeorem.— The hyperabelian group HA, is holoedrically isomor- 
phic® with the abstract group T. 

From the simple isomorphism of /7, , with G, it follows that the operators 
£,, £,, B, = C\C,, W satisfy the generational relations (1), ---, (6) of G, 
a result capable of verification by direct calculation. It therefore remains only 
to prove that the operators #’, /,, E,, B, = C,\C,, Wsatisfy the generational 
relations (12), ---, (18). This result may be verified by simple calculations. 
We note the auxiliary formule : 


—1 


(—1 —1 0 
—1 0 
1 


0 1 1] 
= | .* 


—1 -l 0 0 | —1 


We have therefore proved that the simple groups /7A, .» and O, , are holo- 
edrically isomorphic. 

UNIVERSITY OF TEXAS, 

January 12, 1900. 

* Addition: May 5, 1900. In the May number of the Bulletin of the Society the writer 
establishes the holoedric isomorphism of O¢, »" and HAy,, ," for any p” of theform 4/—1. As the 
method there used consists in the transformation of the defining invariant of the former group 
into that of the second compound of the latter group, it gives no direct knowledge of the correspon- 
dences of the generators of the isomorphic groups. For p* 3, 22 15-16 of the present paper 
enable us to pass readily from an arbitrary substitution of either group to the corresponding 


substitution of the other. 


0 0 —1 0 | 

Cl , EWE. = 

1 0 0 | 

; 1 1 whi 
1 1 1 wi 0 

| 
| 


| 
a 


